Continuity and
o Differentiabilit
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1. (d) : Given f(x) is continuous at every point of its

domain.
lim f(x)= lim_f(x)=f(1)
x—1" x—1*
= b5x1-4=4x1+3q
= 4+3a=1=3a=-3=a=-1
2. (a) :Here y = a sinmx + bcosmx (i)
= ﬂ =macosmx — mbsinmx
dx
4y

P =—m? [asin mx + b cos mx]=— mzy [From (i)]

3. (c) : Wehave given,

B 4-x2 B (4—x2)
f(x)_4x—x3 _x(4—x2)

_ (4—x2) _ 4-x2
x(22-x%) *(2+x)(2-x)

Since, f(x) is not defined at x =0, -2 and 2.
- f{x) is discontinuous at exactly three points x =0, x = -2
and x = 2.

1-x2
4. (b) : We have given, y =log 5
1+x

Taking derivative w.r.t. “x” on both sides, we get

dy_ 1 df1-v
dx (1—3(2] dx| 1+x2
1+x2

_(1+2%) (1+x%)-(-22)—(1-x%)-2x
(1-x?) (1+x%)?

B —2x[1+x2 +1—x2] _ —Ax

o2 g0 B
1-x2)-(1+x%)  1-2* tra-b=(@+b) a-b)

5. (a) :Given, fis continuous on [-2, 2].

. Nl+ex —1-cx . 2cx
LHL.=lim = lim =c
x—0 x x>0 x[\V1+cx +4/1—cx]
RH.L. = lim 275 3
x—0x+1
c=3
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6. (b):y=fP+2)= %:f’(xhz)xzx
X

dx
7. (b)iy=c-e e e e

- €x+x2+x3+x4+...+xn+...

= (d_]/j =f'(3)x2=5%x2=10
atx=1

y

X

yoelx

d—y=eﬁ L-)M)-x(-D) _ g 1
dx (1—x)2

8. (a) :Lety= sin(x’)
Differentiating w.r.t. x, we get

;l_y = cos(x?’)-?ax2 = 3x? cos(x3) (i)
x

Let z = cos(x®)

Differentiating w.r.t. x, we get

d_Z = —sin(x3) 3x2 =352 sin(x3) (i)
X
dy _ 3x2 cos(x3)

3
=—cotx".
dz  _3x? sin(x3)

Dividing (i) by (ii), we get

9. (a) : From the given graph, the function is

continuous.
The given graph is thatof y = |x - 1|
x-1, x=>1
Now, =y=
ow, f(x)=y {1—9{, x<1
Rf(1) = lim LA _ gy A¥h=D =0,
h—0 h—0 h
Lf()y = lim LN SD _yyp, A214WZ0_
h—0 ~h h—0 ~h

Since, Rf’(1) # Lf'(1)
So, the given function is not differentiable.

10. Given, f(x) = | cos x|

We have to find out f’ (gj



2

Since, cosx >0 when x € [O,g}

fx) = cosx
= f'(x ) = -sin x

= f|= ——simﬁ—_—1
4) T4 2
11. The greatest integer function defined by f{x) = [x],
0 < x < 2is not differentiable at x = 1.
d

12. — (@ —x%)

=a*loga—x*(1+logx)
dx

[ i(ax):axloga and i(xx):xx(1+logx)}
dx dx

13. Here, y = cosx

s d e e
—y:—sinx; —Z :—cosx;—y:sinx
dx dx dx

14. A constant function is a continuous function.
L

15. d—(ax +bx+c)=2ax+b
x

sin10x

16. Given f(x)= ,x#0 is continuous at x = 0.

lim f(x)= £(0) = lim 2% _ 5(q)

x—0 x—0

10 lim SO _ <0y £0)=10
= 10x-0 10x

17. Here, y = f (log.x)

d d ,
= U logex)) = f loge v)x
d ‘(1 1) 2
Thus, _y — f ( O8e 6) - f( ) A [ f'(l) =2 (Given)]
ax|,_, e e e
e x<0
18. We have, fix)=1{|x|’
3 ,x20
LHL.= lim f(x)=lim e =—k
x—0" x—>0 —X
RHL.= lim f(x)=1lim 3=3
x—0" x—0

Since, f(x) is continuous at x = 0.
LHL.=RH.L. =£(0)
= -k=3 = k=-

19. Given, f(x) = sin"'x + cos'x + 2

= flx )=—+2

= f'x)=0=f'1)=0

P — T
|: s 1.7C-’1-COS 1X=E:|
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20. (i) (c) (ii) (b) (iii) (b)
(iv) (b) (v) (@)
21. (i) Wehave f(x) = (cos x + i sin x)(cos 2x + i sin 2x)
(cos 3x +isin 3x) cos (nx + i sin x)
y=flx)= e e
n(n+1)|.
= o123 _ e{ 2 }lx
n(n+l)|. |
Now, = 2 I i+
{ - 1 } n n+1)
{ n+1) }
poan +1)
=1Ly
2
v = =2 E y() =1

(i) Wehave y = f(x) = ¢" sinx + 2 log sin x
Differentiate w.r.t. x, we get

y=e ~dix(sinx)+sinx-%(ex)+ Zdix(logsinx)

. 1
=e*cosx+e’sinx +2x—
sinx

=e¢“cosx+e“sinx +2cotx
Again, differentiate w.r.t. x, we get

X COosx

Yy’ =¢*(—sinx)+cosx-e* +¢* cosx +sinx-e*
+2(—Cosec2x)
/)

y” = —sinx-e" +cosx-e* +cosx-e* +sinx- e —2cosec’x

=2cosx-e* —2 cosec’x

22. Here, x =f(t), y = g(t)
= =fI(t ) =g'(t)
d_y _dy/dt _ &
dx dx/dt  f'(t)
IO (O OYRON
2
dx LF ()P “ax
_ S g () -g'(t) f(H)
Lre?
2 2 loo sing?
23. Lety = (sinx?)'°8"". Then, y = ¢'°8 logsin¥
[ ab = ebloga]

On differentiating both sides with respect to x, we get

d_]/:elogxz.logsinxi
d

2
dx }

{log x2.10g sin x



Continuity and Differentiability

dy (sinx )log"2 {log sinxzdix(logag)+logx2di§c(logsinx2)}

be
2 in x2
:d—y:(sinxz)logx {ZXIOgsmx+logx2>< 2x Xcosxz}
dx 2 2

X sinx

.2
= ﬂ =2x(sinx )logx —Iog s
dx 2

+cotx? Iogxz}
x

24. Given, y= cosfl(Zx) +2 cos N1 —4x?

Put 2x =sin6

Thus, y= cos™ (sin®) + 2cos 'y1-sin’0
=cos ! [Cos(g ~ 9)) +2cos ! (cos )

=g—e+2e=f+e=3+sin*1(2x)
dy _

1 2
dx dx

1-4x?
OR
Here, y = f (¢") e/™

4y _

d X X X X
=l () e/ )+

= Fe)te

Fle) ! L ()
X

d .
= = fE) e IO )P )
Now % =f/(1)-1-¢ + £(1) ¢/ £(0)
dx x=0
=2-1+0=2
. x2 . 2 x2 )
25. Lety=sin (¢” ).Puttingx"=vandu= ¢ =¢,
we get
= _ dv
y = sinu, where u = ¢’ and == =2x.
dx
dy—cosu, du =ev andﬂz 2x.
du dv dx
Now, 1 _dy _du_io
dx du dv dx
= Z—y:cosuxevx2x:cos(ev)xe7’><2x [-u=¢]
x
= % =cos (ex2 ) x & x2x [o=2x7]
x

26. Weknow thata polynomial function is differentiable
everywhere. Therefore, f (x) is differentiable at x = 3.

h»O h

{B+h)"+2(3+h)+7}-{9+6+7
L )= tim (G 2641 }
h»() h
8h+h?
3)=lim =lim (8+h)=8.
= SO im = fm 6

27. We have given,

) 3x+5, ifx=>2
x)=
f xz, ifx<?2

Atx =2,
LHL. = lim (x)?
x—27
= lim (2-h)? = lim(4+h2 —4h) =
h—0
and R.H.L.= lim (3x+5)
x—2"
= lim[3(2+h)+5]=6+5=11
h—0

Since, LH.L.#R.HL.atx=2
Therefore, f(x) is discontinuous at x = 2.

28. Lety=2°%%

Taking log on both sides, we get
log y = log 207 = gy -log 2
On differentiating w.r.t. x, we get
1 dy

2
) dx (cosx)

d
—log2-—
°8 dx

1dy_ log2-[2cosx]-d£(cosx)
x

y dx
=log 2 -2 cosx - (-sinx) =log 2 - [-(sin2x)]

. % =—y-(sin2x)log2 = _peos?x (sin 2x) log2
x
. (1
29. Here, x= sm(—log y)
a
N sin tx== logy =logy = asin 1 x
a

-
— y — eu s -~ Xx

Differentiating both sides w.r.t. x, we get
ay

a
=1y =
\/1—x2 ! \/1—x2

Differentiating again w.r.t. x, we get

|
ylzeasm X X

\ll—xzxayl—ayxlx ! x (—2x)
~ 2 J1-42
Y2 (1—3(2)
y (1 —xz)ayl + axy
2=~ —
(1—x2)\/1—x2
y ayq xay
= 2=
\/1—x (1-x )\/1 x?
2
a x
= p=— (1), —xy; —aPy =0

1-x2 (1—x2)
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j and v =tan L x.

30. Let u= sinl( 2x
1+x

Putting x = tan 6, we get
u=sin! (LngJ =sin! (sin 20)
1+tan”0

= u=20=2tanx
v-l<x<1 :>—£<9<£:>—E<26<E
4 4 2 2

Thus, we have
u=2tan'x and v = tan"'x

= dx 1+ x2 dx 1+ x2
d_u du/dx 2/1+ X2
dv dv/dx 1/1+x
31. The given series may be written as
y= 2
= logy=1xYloga [Taking log on both sides]
= log(logy) = ylog x +log (log a)
[Taking log on both sides]
= logya(l gY)= ]/ Iogx +y —(1og x)+0
[leferentlatmg both sides w.r.t. x]
1 ldy dy
1 =
= logyy dx  dx ng+yx
= %y { ! logx} =Y
dx |ylogy X
= dy |1-ylogylogx| y
dx ylogy x
dy _ y*logy
= dx x(1-ylog ylogx)
32. Letz= 21,
x°+1
Then, y =f(2)
dy_d o d o
= LT = U@L
dy d (29{ 1)
= O T
dy 20 +1)-(2x-1)2x
= dx - f (Z){ (x2 +1)2
2 (a2
N d_y: (sin Z2) 2(x“ + l)2 (43{2 2x)
dx (x*+1)
[ f'(x)=sin x2 o f'(2)=sinz ]

- d—y:ZSin(zg 1} 1+2x x2
dx x“+1 (x*+1)
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OR

We have, y =sin™ (xm Jav1- x)
J;\/l—xz)

= y= sin”! (x\/l - (\/;)2
= y= sin ' x —sin~!x
Differentiating w.r.t. x, we get

dy_ 1 1 A
dx \/1—X2 \/1_(\/;)2 dx
_ 1 _ 1 _ 1 _ 1 _1. 1
\/1—x2 Ji-x 2Vx \/1—x2 2 \/x—x2
2x —2x
e~ +e
33. Let y:ezx_ 5

dx dx 62x_8—2x
(€2x —'€_2x)(2€2x —'26_2x)‘—(€2x +‘€_2x)(2€2x
(62x __E—ZX)Z

+2e7%)

C(2e* 22427~ (2 124242074
a __e—ZX)Z

(er

26 44074 et g e

__e*ZX)Z

(EZX

-8

(62x__e—2x)2

34. Lett=tano.

Then, t>1=tan0>1 :g<e<g:§<2e<n

. 1| 2t . 1| 2tan®
X =sin ——(=sin Ty ————
1+t 1+tan“6

= x=sin"! (sin 20) = sin™" {sin (n - 20)} = 7 - 20

=g -2tan"'t
= d_x_o_i_—_Z
dt 1442 1442
t
and, v =tan 1{—2}
1—
1| 2tan® } 1
=tan ————(r=tan (tan 26
= {1—tan26 ( )

=tan~! {—tan(m —26)}

= y=-tan" {tan(n-20)}=- (n-20)=-w+2tan" ¢

d 2 2
- =0+ 2= 1.2
dt 1+ 1+t
ﬂ 2
dx dj 2 '

it 1+42
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35. We have given,

2x2 3x-2 |
f)={" a2 TP
5, fx=2
2x2 3x-2

At x=2, LHL.= lim
x—2" x-2
m2(2—h)2—3(2—h)—2
h—0 (2-h)-2
. 842h%-8h-6+3h-2
= lim
h—0 ~h

=lim-(2h-5)=5
h—0 2
and RHL. = lim 2% —3*=2
x—2* x-2
2
i 2241 =32+ 1) -2
h—0 (2+h)-2
. 842Kh%+8h-6-3h-2
= lim

h—0 h
(2h+5)=5

= lim
h—0

also, f(2) =5 (given)

Hence, LH.L. =RH.L. = f(2)

Therefore, f(x) is continuous at x = 2.

OR
We have given,

1 .
|x|cos—, ifx=0
= x

f(x)
0, ifx=0

At x=0, LHL.= lim |x|cos1
x

x—0"

= lim |O—h|cosL
h—0 0-h

= lim hcos[_—l)
h—0 h
=0x [an oscillating number between -1 and 1] = 0

. 1
and RH.L.= lim |x|cos—
x—0* x

=lim |0+ /| cos !
h—0 (0+h)

=limh cosl
h—0
= ( x[an oscillating number between -1 and 1] =0
Also, f(0) = 0 [Given]
Hence, LH.L. = RH.L. = f0)
Therefore, f(x) is continuous at x = 0.

36. We have given,

xzsinl, ifx#0
flx)= X
0, ifx=0

For differentiability at x = 0,

= lim hsin(lj [ sin(—x) = —sinx]
h—0 h

=0 x [an oscillating number between -1 and 1] =0
x2 sin1 -0
RF(0) = fim LSO _ x

x—0t  x-0 x—-0"  x-=0

1
0+h)?sin| ———
(0+h) sm(0+h):hmh25m(1/h)

= lim

h—0 0+h h—0 h
= lim hsin(1/ h)

h—0

=0 x [an oscillating number between -1 and 1] =0
[v-1<sinx<1VxeR]
Lf'(0) = Rf"(0)
Therefore, f(x) is differentiable at x = 0.
37. We have given, y* =¢’*
= logy =loge’ ™
= xlogy=(y-x) ‘loge=(y-x)
(y—x) (i)

= logy=-~+"——
X

On differentiating (i) w.r.t. x, we get

d dy _d (y-x)
2 e AL A
dy(Ogy) dx dx «x
d d
N l,ﬂ:x'ﬂ(y_x)_(y_x)'ﬁ'x
y dx x2
[By quotient rule]
dy
= L=
y dx x?
2
:x—-d—y:xd—y—x—y+x
y dx  dx
2
:ﬂ[x__x]:_y
dx| y
d_ vy 1
dx XZ—X]/ X(y—X) x2 (y_x)
x
. _y-x ; _¥_
:(1+10gy)2 ~logy = ,from(1):>10gy—x 1
logy 31+Iogy:Z
x
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