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Continuity and 
Differentiability

EXERCISE - 5.1

1. We have, f (x) = 5x – 3
At x = 0
We have f (0) = –3
L.H.L. = lim ( ) lim ( )

x h
f x h

→ →−
= − − = −

0 0
5 0 3 3

R.H.L. = lim ( ) lim ( )
x h

f x h
→ →+

= + − = −
0 0

5 0 3 3

∴ = =
→ →− +
lim ( ) lim ( ) ( )
x x

f x f x f
0 0

0

\ f is continuous at x = 0
At x = –3
We have, f (–3) = 5(–3) – 3 = –18
L.H.L. = lim ( ) lim [ ( ) ]

x h
f x h

→ − →−
= − − −

3 0
5 3 3

 = − − −
→

lim ( )
h

h
0

15 5 3 = –18

R.H.L. = lim ( ) lim [ ( ) ]
x h

f x h
→ − →+

= − + −
3 0

5 3 3

= − + − = −
→

lim ( )
h

h
0

15 5 3 18

∴ = = −
→ − → −− +
lim ( ) lim ( ) ( )

x x
f x f x f

3 3
3

\ f is continuous at x = –3
At x = 5
f (5) = 5(5) – 3 = 22
L.H.L. = lim ( ) lim [ ( ) ]

x h
f x h

→ →−
= − −

5 0
5 5 3

   = − − =
→

lim
h

h
0

25 5 3 22

R.H.L. = lim ( ) lim [ ( ) ]
x h

f x h
→ →+

= + −
5 0

5 5 3

 = + − =
→

lim
h

h
0

25 5 3 22

∴ = =
→ →− +
lim ( ) lim ( ) ( )
x x

f x f x f
5 5

5

\ f is continuous at x = 5.
2. We have, f(x)= 2x2 – 1

R.H.L. = lim ( ) lim ( )
x h

f x h
→ →+

= + −
3 0

22 3 1

= + + −
→

lim ( )
h

h h
0

22 9 6 1

= + + −
→

lim ( )
h

h h
0

218 12 2 1

     = + + =
→

lim ( )
h

h h
0

217 12 2 17

L.H.L. = lim ( ) lim ( )
x h

f x h
→ →−

= − −
3 0

22 3 1

    = − + −
→

lim ( )
h

h h
0

22 9 6 1

    
= − + −

→
lim ( )
h

h h
0

218 12 2 1

    
= − + =

→
lim
h

h h
0

22 12 17 17

Also, f (3) = 2(3)2 – 1 = 17
∴ = =

→ →+ −
lim ( ) lim ( ) ( )
x x

f x f x f
3 3

3

 Hence, the given function f(x) = 2x2 – 1 is continuous at 
x = 3.
3. (a) We have, f(x) = x – 5
Let a be a real number, then

 
lim ( ) lim ( )
x a h

f x a h a
→ →+

= + − = −
0

5 5

 
lim ( ) lim ( )
x a h

f x a h a
→ →−

= − − = −
0

5 5

Also f(a) = a – 5
Q lim ( ) lim ( ) ( )

x a x a
f x f x f a

→ →+ −
= =

Hence, the given function f(x) = (x – 5) is continuous.

(b) We have, f x x
( ) =

−
1

5
Let a be a real number, then

 
lim ( ) lim
x a h

f x
a h a→ →+

=
+ −

=
−0

1
5

1
5

 
lim ( ) lim
x a h

f x
a h a→ →−

=
− −

=
−0

1
5

1
5

 
f a

a
f x f x f a

x a x a
( ) lim ( ) lim ( ) ( )=

−
= =

→ →+ −

1
5

Q
  

 Hence, the given function f x
x

( ) =
−
1

5
 is continuous at 

all points except at x = 5.

 (c) We have, f x x
x

x x
x

x( ) ( ) ( )
( )

=
−
+

=
+ −

+
= −

2 25
5

5 5
5

5

\ f(x) = x – 5
Let a be a real number, then
 lim ( ) lim ( )

x a h
f x a h a

→ →+
= + − = −

0
5 5 and

 
lim ( ) lim ( )
x a h

f x a h a
→ →−

= − − = −
0

5 5
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Also, f(a) = a – 5
Q lim ( ) lim ( ) ( )

x a x a
f x f x f a

→ →+ −
= =

 Hence, the given function f(x) = x – 5 is continuous at 
every point of its domain.
(d) We have, f(x) = |x – 5|

 
lim ( ) lim| | | |
x a h

f x a h a
→ →+

= + − = −
0

5 5

 
lim ( ) lim| | | |
x a h

f x a h a
→ →−

= − − = −
0

5 5
 

 f(a) = |a – 5|
∴ = =

→ →+ −
lim ( ) lim ( ) ( )
x a x a

f x f x f a

Hence the given function f(x) = |x – 5| is continuous.

4. Given,  f(x) = xn, n ∈ N
 So, f (x) is a polynomial function and domain of f = R

 
lim ( ) lim ( )
x n x n

n nf x x n f n
→ →

= = =

	 ⇒ f is continuous at n ∈ N.
5. (i) At x = 0

 
lim ( ) lim ( )
x x

f x x
→ →− −

= =
0 0

0
  

lim ( ) lim ( )
x x

f x x
→ →+ +

= =
0 0

0

Also f(0) = 0
Thus, lim ( ) lim ( ) ( )

x x
f x f x f

→ →− +
= =

0 0
0

Hence, f(x) is continuous at x = 0.
(ii) At x = 1

 
lim ( ) lim ( )
x x

f x x
→ →− −

= =
1 1

1

  
lim ( ) lim
x x

f x
→ →+ +

= =
1 1

5 5

∴ ≠
→ →+ −
lim ( ) lim ( )
x x

f x f x
1 1

Hence, f is discontinuous at x = 1.
(iii) At x = 2
 lim ( ) lim

x x
f x

→ →− −
= =

2 2
5 5  and lim ( ) lim

x x
f x

→ →+ +
= =

2 2
5 5

Also,  f(2) = 5
Thus, lim ( ) lim ( ) ( )

x x
f x f x f

→ →− +
= =

2 2
2

\  f(x) is continuous at x = 2.
6. For x < 2, the function f(x) = 2x + 3 is polynomial 
hence continuous.
 For x > 2, the function f(x) = 2x – 3 is polynomial, hence 
continuous.
For continuity at x = 2

 
lim ( ) lim ( ) lim ( )
x x h

f x x h
→ → →− −

= + = − +
2 2 0

2 3 2 2 3

 = lim ( ) lim ( )
h h

h h
→ →

− + = − =
0 0

4 2 3 7 2 7

 
lim ( ) lim ( ) lim [ ( ) ]
x x h

f x x h
→ → →+ +

= − = + −
2 2 0

2 3 2 2 3

 = lim ( ) lim ( )
h h

h h
→ →

+ − = + =
0 0

4 2 3 1 2 1

Thus, lim ( ) lim ( )
x x

f x f x
→ →− +

≠
2 2

\ f(x) is not continuous at x = 2.
7. At x = – 3

lim ( ) lim | | lim (| | )
x x h

f x x h
→ − → − →− −

= + = − − +
3 3 0

3 3 3

    = |–3 – 0| + 3 = 3 + 3 = 6
lim ( ) lim ( ) lim ( ( ))

x x h
f x x h

→− →− →+ +
= − = − − +

3 3 0
2 2 3

 = –2(–3 + 0) = 6
 f (–3) = |–3| + 3 = 3 + 3 = 6.
Thus,  lim ( ) lim ( ) ( )

x x
f x f x f

→ − →−− +
= = −

3 3
3

\ f is continuous at x = – 3.
At x = 3

lim ( ) lim ( ) lim ( ( ))
x x h

f x x h
→ → →− −

= − = − −
3 3 0

2 2 3

        = –2(3 – 0) = – 6
lim ( ) lim ( ) lim ( ( ) )
x x h

f x x h
→ → →+ +

= + = + +
3 3 0

6 2 6 3 2

       = 6 (3 + 0) + 2 = 20
Thus, lim ( ) lim ( )

x x
f x f x

→ →− +
≠

3 3
  

\ f is discontinuous at x = 3.

8. At x = 0

lim ( ) lim | | lim lim ( )
x x x x

f x x
x

x
x→ → → →− − − −

= = − = − = −
0 0 0 0

1 1

lim ( ) lim | | lim lim ( )
x x x x

f x x
x

x
x→ → → →+ + + +

= = = =
0 0 0 0

1 1

Thus, lim ( ) lim ( )
x x

f x f x
→ →− +

≠
0 0

⇒ f  is discontinuous at x = 0
9.  At x = 0

lim ( ) lim
| |

lim
( )

[ ]
x x x

f x x
x

x
x

x
→ → →− − −

= =
−

<
0 0 0

0Q

                        
= − = −

→ −
lim ( )

x 0
1 1

 
lim ( ) lim ( )
x x

f x
→ →+ +

= − = −
0 0

1 1

Also f(0) = –1
Thus, lim ( ) lim ( )

x x
f x f x

→ →− +
=

0 0
= f(0)

⇒ f is continuous at x = 0 
10. We observe that f is continuous at all real numbers  
x < 1 and x > 1.
Now, continuity at x = 1

lim lim lim
x x h

f x x h
→ → →+ +

= + = + + =
1 1 0

1 1 1 2( ) ( ) ( )
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lim lim lim
x x h

f x x h
→ → →− −

= + = − +
1 1

2
0

21 1 1( ) ( ) ( )

 
= − + + =

→
lim
h

h h
0

21 2 1 2( )

Also f(1) = 2 
∴ = =

→ →+ −
lim lim
x x

f x f x f
1 1

1( ) ( ) ( )

\ f(x) is continuous at x = 1 and all points.
11.  We observe that f is continuous at all real numbers 
x < 2 and x > 2.
Now, continuity at x = 2

lim lim lim
x x h

f x x h
→ → →+ +

= + = + +
2 2

2
0

21 2 1( ) ( ) ( )
   

= + + + =
→

lim
h

h h
0

24 4 1 5( )
 

lim lim lim
x x h

f x x h
→ → →− −

= − = − −
2 2

3
0

33 2 3( ) ( ) ( )

= − + − − =
→

lim
h

h h h
0

2 38 12 6 3 5( )

Also f(2) = 8 – 3 = 5 
∴ = =

→ →− +
lim lim
x x

f x f x f
2 2

2( ) ( ) ( )

\ f(x) is continuous at x = 2 and all points.

12.  f x
x x

x x
( )

,

,
=

− ≤

>







10

2
1 1

1

if

if  
At x = 1
L.H.L lim lim. ( ) ( )= = −

→ →− −x x
f x x

1 1

10 1

   
= − − =

→
lim (( ) )
h

h
0

101 1 0

R.H.L. =
→ +
lim ( )
x

f x
1

 =
→ +
lim

x
x

1

2

     
= +

→
lim ( )
h

h
0

21

    
= + + =

→
lim ( )
h

h h
0

21 2 1

L.H.L. ≠ R.H.L.
⇒ f is discontinuous at x = 1.
13. We observe that f is continuous at all real numbers  
x < 1 and x > 1.
Now, continuity at x = 1

lim lim lim
x x h

f x x h
→ → →+ +

= − = + −
1 1 0

5 1 5( ) ( ) ( )
   

 
= − = −

→
lim
h

h
0

4 4( )

lim lim lim
x x h

f x x h
→ → →− −

= + = − +
1 1 0

5 1 5( ) ( ) ( )

= − =
→

lim
h

h
0

6 6( )

Thus, lim ( ) lim ( )
x x

f x f x
→ →+ −

≠
1 1

\ f(x) is not continuous at x = 1.

14. At x = 1
lim lim
x x

f x
→ →− −

= =
1 1

3 3( )
 
and

Lim Lim
x x

f x
→ →+ +

= =
1 1

4 4( )

L.H.L. ≠ R.H.L. at x = 1
At x = 3 

lim lim
x x

f x
→ →− −

= =
3 3

4 4( )
 
and 

lim lim
x x

f x
→ →+ +

= =
3 3

5 5( )

L.H.L. ≠ R.H.L. at x = 3.
\  Function is not continuous at x = 1 and 3.

15. At x = 0
L.H.L.= lim lim lim

x x h
f x x h

→ → →− −
= = − =

0 0 0
2 2 0 0( ) ( )

R.H.L. = lim lim
x x

f x
→ →+ +

= =
0 0

0 0( )

Also f(0) = 0
\ L.H.L. = R.H.L. = f(x)
So, f(x) is continuous at x = 0
At x = 1
L.H.L. = lim lim

x x
f x

→ →− −
= =

1 1
0 0( )

and R.H.L. = lim
x x h

f x x h
→ → →+ +

= = +
1 1 0

4 4 1( ) lim lim ( )  

= lim
h

h
→

+
0

4 4 = 4

\ L.H.L. ≠ R.H.L.
So, f(x) is discontinuous at x = 1.

16.  We have, f(–1) = –2 
R.H.L. = lim ( ) lim ( )

x h
f x h

→− →+
= − + = −

1 0
2 1 2

L.H.L. = lim ( ) lim ( )
x h

f x
→− →−

= − = −
1 0

2 2

Also  f(–1)= –2
\ lim ( ) lim ( )

x x
f x f x

→− →−− +
=

1 1
= f(–1)

Hence, f(x) is continuous at x = –1.
At x = 1
R.H.L.= lim ( ) lim ( )

x x
f x

→ →+ +
= =

1 1
2 2

L.H.L.= lim ( ) lim ( )
x h

f x h
→ →−

= − =
1 0

2 1 2

Also f(1) = 2(1) = 2 
\  lim lim

x x
f x f x f

→ →− +
= =

1 1
1( ) ( ) ( )

Hence, f(x) is continuous at x = 1.

17.  At x = 3
lim ( ) lim ( ) lim ( ( ) )
x x h

f x ax a h
→ → →− −

= + = − +
3 3 0

1 3 1

= lim ( )
h

a ah a
→

− + = +
0

3 1 3 1
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lim ( ) lim ( ) lim ( ( ) )
x x h

f x bx b h
→ → →+ +

= + = + +
3 3 0

3 3 3

 = lim ( )
h

b bh b
→

+ + = +
0

3 3 3 3

Also f(3) = 3a + 1
Thus, lim ( ) lim ( ) ( )

x x
f x f x f

→ →− +
= =

3 3
3

⇒   3b + 3 = 3a + 1  ⇒  2 = 3 (a – b)   

⇒ − =a b 2
3

 ⇒ a = b + 2
3

18. Since f(x) is continuous at x = 0
(i) L.H.L. = lim lim

x x
f x x x

→ →− −
= −

0 0

2 2( ) ( )λ

            = l(0 – 0) = 0
R.H.L. =

 
lim lim
x x

f x x
→ →+ +

= + = + =
0 0

4 1 4 0 1 1( ) ( ) ( )

Also, f(0) = 0
L.H.L. ≠ R.H.L.  
For no value of l, f(x) is continuous at x = 0.
(ii) At x = 1
lim ( ) lim ( ) ( )
x x

f x x f
→ →

= + =
1 1

4 1 1  for any value of l.

Hence, f is continuous at x = 1 for all values of l.
19. Let n ∈ I.

Then lim [ ]
x n

x n
→ −

= − 1

[Q [x] = n – 1 ∀  x ∈ [n – 1, n]
and g(n) = n – n = 0. [Q [n] = n because n ∈ I]
Now,  

 
lim ( ) lim ( [ ]) lim lim [ ]
x n x n x n x n

g x x x x x
→ → → →− − − −

= − = −

          = n – (n – 1) = 1
and lim ( ) lim ( [ ])

x n x n
g x x x

→ →+ +
= −

 
= lim lim [ ]
x n x n

x x n n
→ →+ +

− = − = 0

Thus lim ( ) lim ( ).
x n x n

g x g x
→ →− +

≠
 

Hence ‘g’ is discontinuous at all integral points.
20. At x = p

lim lim
x h

f x h h
→ →+

= + − + +
π

π π( ) ( ) sin ( )
0

2 5

= + + + + 
→

lim
h

h h h
0

2 2 2 5( ) (sin )π π
 
= [p2 + 5]

⇒ = − − − +
→ →−
lim
x h

f x h h
π

π π( ) lim ( ) sin ( )
0

2 5

= + − − +
→

lim ( ) sin
h

h h h
0

2 2 2 5π π  = p2 + 5

f(p) = p2 + 5
R.H.L. = L.H.L. = f(p)
\ Function is continuous at x = p.

21. (a) Let a be an arbitrary real number then 
f(a) = sina + cosa

lim lim
x a h

f x a h a h
→ →+

= + + +( ) [sin ( ) cos ( )]
0

= lim
h

a h a h
→

+
0

{(sin cos cos sin ) + (cosa cosh – sina sinh)}

= sina cos0 + cosa sin0 + cosa cos0 – sina sin0
= sina(1) + cosa(0) + cosa(1) – sina(0) 
= sina + cosa

lim
x a h

f x a h a h
→ →−

= − + −( ) lim [sin( ) cos( )]
0

= −
→

lim [(sin cos cos sin )
h

a h a h
0

+ (cosa cosh + sina sinh)]

= sina + cosa
∴ = =

→ →− +
lim lim
x a x a

f x f a f x( ) ( ) ( )

⇒ f(x) is continuous at x = a.
\	 f(x) = sinx + cosx is everywhere continuous.

(b) Let a be an arbitrary real number then 
 f(a) = sina – cosa

 
lim lim
x a h

f x a h a h
→ →+

= + − +( ) sin ( ) cos ( )
0

= lim
h

a h a h
→

+
0

{(sin cos cos sin ) – (cosa cosh – sina sinh)

= sina cos0 + cosa sin0 – cosa cos0 + sina sin0
= sina(1) + cosa(0) – cosa(1) + sina(0) 
= sina – cosa

lim
x a h

f x a h a h
→ →−

= − − −( ) lim[(sin( ) cos( )]
0

= −
→

lim [(sin cos cos sin )
h

a h a h
0

– (cosa cosh + sina sinh)]

= sina – cosa.
\

 
lim lim
x a x a

f x f x f a
→ →− +

= =( ) ( ) ( )

⇒ f(x) is continuous at x = a.
So, f(x) = sinx – cosx is everywhere continuous.
(c) Let a be an arbitrary real number then 
f(a) = sina cosa

lim ( ) lim[sin( )cos( )]
x a h

f x a h a h
→ →+

= + +
0

= +
→

lim [(sin cos cos sin )
h

a h a h
0

(cosa cosh – sina sinh)]

= sina cosa.

lim ( ) lim[sin( )cos( )]
x a h

f x a h a h
→ →−

= − −
0

= lim
h→0

[(sina cosh – cosa sinh)(cosa cosh + sina sinh)]

= sina cosa
 lim
x a

f x
→ −

( ) = lim
x a

f x f a
→ +

=( ) ( )

⇒ f(x) is continuous at x = a.
So, f(x) = sinx· cosx is everywhere continuous.
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22.  (a) f(x) = cosx. Clearly, domain of f = R
Let a be an arbitrary real number, then
f(a) = cosa
Now, lim lim

x a h
f x a h

→ →−
= −( ) cos( )

0

= lim
h→0

 (cosa cosh + sina sinh)  = cosa

lim ( ) lim cos( )
x a h

f x a h
→ →+

= +
0

 = lim
h→0

 (cosa cosh – sina sinh) = cosa

∴ = =
→ →− +
lim ( ) lim ( ) ( )
x a x a

f x f x f a

\ f(x) = cosx is continuous at a for all a ∈ R
Hence cosx is continuous.

(b) f(x) = cosecx  ⇒  f x x
( )

sin
= 1

and domain of f = R – {np}, n ∈ Z

Also, f a
a

( )
sin

= 1

lim lim
x a hx a h→ →+

=
+

1 1
0sin sin ( )

=  lim
h a h a h→ +0

1
sin cos cos sin

=
+

=
+

=1
1 0

1
0

1
sin ( ) cos ( ) sin sina a a a

lim ( ) lim
sin( )x a h

f x
a h→ →−

=
−0

1

=
−

=
→

lim
sin cos cos sin sinh a a a0

1 1
h h

Thus cosec x is continuous except for x = np, n∈Z.

(c) f(x) = sec x   ⇒   f x x
( )

cos
= 1

Clearly, Domain of f R n n I= − + ∈{ }( ) ,2 1
2
π

Also, f a
a

( )
cos

= 1

 lim ( )
cos ( )x a h

f x
a h→ →+

=
+

lim
0

1

= lim
h a h a h→ −0

1
cos cos sin sin

=
−
1

0 0cos cos sin sina a

=
−

=1
1 0

1
cos ( ) sin ( ) cosa a a

...
 

lim ( ) lim
cos( )x a h

f a
a h→ →−

=
−0

1

=
+

=
→

lim
cos cos sin sin cosh a a a0

1 1
h h

... lim ( ) lim ( ) ( )
x a x a

f x f x f a
→ →− +

= =

Thus sec x is continuous except for 

x = (2n + 1) 
π
2

,n∈Z

(d) f(x) = cot x

f x
x

R n n I( )
tan

{ },= − ∈1 and Domain of π

lim lim
x a h

f x
a h→ →+

=
+

( )
tan ( )0

1

lim
h a

a h
a
a

a→ +
−

= +
−

=

−

=
0

1

1

1
0

1 0

1

1 0

1
tan tan

tan tan
tan
tan tan

tan tanh aa

lim ( ) lim
tan ( )x a h

f x
a h→ →−

=
−0

1

           

= −
+

=
→

lim tan tan
tan tan

tanh a h
a h

a0

1

1

1

Thus, cot x is continuous except for x = np,	n ∈ I.

23. At x = 0, f(0) = 1

L.H.L. lim lim= =
−

−
=

→ →−x h
f x h

h0 0
1( ) sin ( )

R.H.L. lim lim= = + = + =
→ →+x h

f x h
0 0

1 0 1 1( ) ( )

lim ( ) lim ( ) ( )
x x

f x f x f
→ →− +

= =
0 0

0

\ f is continuous at x = 0

When x < 0, sinx and x both are continuous.

∴ sin .x
x

is also continuous

When x > 0, f(x) = x + 1 is a polynomial.
\ f is continuous.
⇒ f is not discontinuous at any point.

24. We have f(0) = 0

lim ( ) lim ( ) sin lim sin
x h h

f x h
h

h
h→ → →−

= −
−

= −



0 0

2
0

20 1 1

But as2sin [ , ] sin .1 1 1 1 0 0
h

h
h

h∈ − ⇒ → →   

 
lim ( ) lim ( ) sin lim sin
x h h

f x h
h

h
h→ → →+

= + = 





=
0 0

2
0

20 1 1 0

⇒ = =
→ →− +
lim ( ) lim ( ) ( )
x x

f x f x f
0 0

0

⇒ f is continuous at x = 0.

25. We have 
 lim lim

x h
f x h h

→ →−
= − − −

0 0
0 0( ) sin ( ) cos ( )

 lim
h

h h
→

− − = − − = −
0

0 1 1( sin cos ) ( )
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lim lim
x h

f x h h
→ →+

= + − +
0 0

0 0( ) [sin( ) cos( )]

= −
→

lim
h 0

(sin cos )h h  = 0 – 1

Also, f(0) = –1

 
lim
x x

f x f x f
→ →− +

= =
0 0

0( ) lim ( ) ( )

\	 f is continuous at x = 0.
At x < 0, f(x) = sinx – cosx is continuous 
At x > 0, f(x) = sinx – cosx is also continuous 
\ f(x) is continuous at all x ∈ R.
26. Since the function is continuous, then

lim ( ) lim
cos

x
h

f x
k h

h→





→−
=

−





− −





π

π

π π
2

0
2

2
2

=
− +→

lim sin
h

k h
h0 2π π  

= = =
→ →

lim sin lim sin
h h

k h
h

k h
h

k
0 02 2 2

lim ( ) lim
cos

lim
x

h h
f x

k h

h→





→ →+
=

+





− +





=
π

π

π π
2

0
2

2
2

00 2
−

−
k h
h

sin

            
= =

→

k h
h

k
h2 20
lim sin

Also f π
2

3



 =

For continuity at  =x π
2

,

lim ( ) lim ( )
x x

f x f x f
→



 →





− +
= = 



π π

π

2 2

2

⇒ = ⇒ =k k
2

3 6

27. We have, f(2) = 4k.
lim ( ) lim
x h

f x
→ →+

= =
2 0

3 3

lim ( ) lim ( )
x h

f x k h k
→ →−

= − =
2 0

22 4

For continuity at x = 2,
lim ( ) lim ( ) ( )
x x

f x f x f
→ →− +

= =
2 2

2

4 3 3
4

k k= ⇒ = .

28. lim lim
x h

f x f h
→ →+

= +
π

π( ) ( )
0

= + = − = − = −
→ →

lim lim
h h

h h
0 0

0 1cos ( ) ( cos ) cos ( )π

lim lim
x h

f x k h k
→ →−

= − + = +
π

π π( ) ( )
0

1 1

f(p) = kp + 1
Since, the given function is continuous at x = p

∴ = =
→ →+ −
lim lim
x x

f x f x f
π π

π( ) ( ) ( )

kp + 1 = – 1  ⇒  kp = –2 

⇒ = −k 2
π

.

29. lim ( ) lim ( )
x x

f x kx
→ →− −

= +
5 5

1

= − +
→

lim ( ( ) )
h

k h
0

5 1
 
= k(5 – 0) + 1 = 5k + 1 

lim ( ) lim ( ) lim ( ( ) )
x x h

f x x h
→ → →+ +

= − = + −
5 5 0

3 5 3 5 5

    = 3(5 + 0) – 5 = 10
f(5) = 5k + 1
For continuity at x = 5, 

lim ( ) lim ( ) ( )
x x

f x f x f
→ →− +

= =
5 5

5

5k + 1 = 10 ⇒  5k = 9 ⇒ =k 9
5

.

30. Since f is continuous at all x,
\ f is continuous at x = 2, 10.
At x = 2 

lim ( ) lim ( )
x x

f x
→ →− −

= =
2 2

5 5

lim ( ) lim ( )
x x

f x ax b
→ →+ +

= +
2 2

= + + = + + = +
→

lim ( ( ) ) ( )
h

a h b a b a b
0

2 2 0 2

Also, f(2) = 5.
For continuity, lim ( ) lim ( ) ( )

x x
f x f x f

→ →− +
= =

2 2
2

⇒  2a + b = 5  ...(i)
At x = 10

lim ( ) lim ( )
x x

f x ax b
→ →− −

= +
10 10

= − + = − + = +
→

lim ( ( ) ) ( )
h

a h b a b a b
0

10 10 0 10
    

lim ( ) lim ( )
h h

f x
→ →+ +

= =
10 10

21 21

Also, f(10) = 21.

For continuity, lim ( ) lim ( ) ( )
x x

f x f x f
→ →− +

= =
10 10

10

⇒ 10a + b = 21 ...(ii)
Subtracting (i) from (ii), we get 
 8a = 16 ⇒ a = 2.
Putting a = 2 in (i), we get 
 2(2) + b = 5  ⇒  b = 5 – 4 = 1.

Hence a = 2, b = 1.
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31. Let f(x) = cos(x2).  Domain of f = R.
Let a be any arbitrary real number.

lim lim
x a h

f x a h a
→ →−

= − =( ) cos( ) cos
0

2 2

lim ( ) lim cos( ) cos
x a h

f x a h a
→ →+

= + =
0

2 2

Also f(a) = cos a2

Thus, lim ( ) lim ( ) ( ) .
x a x a

f x f x f a a R
→ →− +

= = ∀ ∈

\ f(x) = cos(x2) is continuous at a ∀  a ∈ R.

32. We know that cosine function is every where 
continuous and also modulus function is continuous. 
Therefore |cos x| is everywhere continuous.

33. Let f(x) = |x| and g(x) = sinx. Then
(gof)(x) = g[f(x)] = g(|x|) = sin|x|
 Now, f and g being continuous, it follows that their 
composite (gof) is also continuous.

34. We have

f x
x x x
x x x
x x x

( )
( ) [ ( )],

( ) ( ),
( ) ( ),

=
− − − + < −

− − + − ≤ <
− + ≥

1 1
1 1 0

1

if
if
if 00







f x
x

x x
x

( )
,

,
,

=
< −

− − − ≤ <
− ≥







1 1
2 1 1 0

1 0

if
if
if

At x = –1
lim ( )
x

f x
→− −

=
1

1

lim ( ) lim ( ( ) )
x h

f x h
→− →+

= − − + − =
1 0

2 1 1 1

f(–1) = –2(–1) – 1 = 1
Thus, lim ( ) lim ( ) ( )

x x
f x f x f

→− →−− +
= = −

1 1
1

⇒ f is continuous at x = –1
At x = 0

lim ( ) lim ( )
x x

f x x
→ →− −

= − −
0 0

2 1

= − − − = −
→

lim ( ( ) )
h

h
0

2 1 1

lim ( )
x

f x
→ +

= −
0

1

Also, f(0) = –1
Thus, lim ( ) lim ( ) ( ).

x x
f x f x f

→ →− +
= =

0 0
0

f is continuous at x = 0.
Also, f being a constant, is continuous when x < –1 or 
when x > 0.
\ f is continuous for all x ∈ R 
Hence, there is no point of discontinuity.

EXERCISE - 5.2

1. Let y = sin(x2 + 5)
dy
dx

d
dx

x x d
dx

x= + = + +sin ( ) cos ( ) ( )2 2 25 5 5

      = cos(x2 + 5) (2x + 0) = 2x cos(x2 + 5).

2. Let y = cos(sinx)
dy
dx

d
dx

x x d
dx

x= = −cos (sin ) sin (sin ) sin

      = – sin(sinx) cosx.
3. Let y = sin(ax + b)
dy
dx

d
dx

ax b ax b d
dx

ax b= + = + +sin ( ) cos ( ) ( )

      = cos(ax + b) (a + 0) = a cos(ax + b). 

4. Let y x= sec {tan ( )}
dy
dx

d
dx

x= sec (tan )

= sec (tan ) tan (tan ) tanx x d
dx

x

= sec (tan ) tan (tan ) sec ( )x x x d
dx

x2

= ⋅
−

sec (tan ) tan (tan ) secx x x x2
1
2

11
2

= ⋅sec (tan ) tan (tan ) secx x x
x

2 1
2

5. Let y ax b
cx d

=
+
+

sin ( )
cos ( )

dy
dx

d
dx

ax b
cx d

=
+
+







sin ( )
cos ( )

=

+ + − +

+

+

cos ( ) sin ( ) sin ( )

cos ( )

cos ( )

cx d d
dx

ax b ax b
d
dx

cx d

cx d2

=
+ + + + +

+
a cx d ax b c ax b cx d

cx d
cos( )cos( ) sin( )sin( )

cos ( )2

= a cos (ax + b) sec (cx + d) + c sin (ax + b) 
 tan (cx + d) sec (cx + d).

6. Let y = cosx3⋅ sin2(x5)
dy
dx

d
dx

x x= ⋅[cos sin ( )]3 2 5

= +cos sin ( ) sin ( ) cosx d
dx

x x d
dx

x3 2 5 2 5 3

= ⋅ + −cos sin ( ) sin ( ) sin ( ) ( sin ) ( )x x d
dx

x x x d
dx

x3 5 5 2 5 3 32

 = ⋅ + −cos sin ( ) sin ( ) sin ( ) ( sin ) ( )x x d
dx

x x x d
dx

x3 5 5 2 5 3 32
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= ⋅cos sin ( ) cos ( ) ( )x x x d
dx

x3 5 5 52 + sin2(x5)(–sinx3)(3x2)

= cosx3· 2sin(x5) cos(x5)(5x4) – sin2(x5) sinx3· (3x2)
= 10x4 cosx3 sin(x5) cos(x5) – 3x2 sin2(x5)sinx3.

7. Let y x= 2 2cot( )  

dy
dx

d
dx

x x d
dx

x= = ⋅ ⋅
−

2 2 1
2

2 2
1

2 2cot( ) {cot( )} cot( )

= ⋅ −1
2

2 2

cot( )
{ co ( )} ( )

x
x d

dx
xsec2

= ⋅ − =
−1 2 2

2
2

2

2cot( )
{ co ( )} ( ) co ( )

cot ( )x
x x x x

x
sec sec2

2

= − ×2 1
2 2 2

2

x
x x

x

sin cos

sin  

= −2
2 2 2

x

x x xsin sin cos

= 
−2 2

22 2 2
x

x x xsin sin cos
 = −2 2

22 2
x

x xsin sin
.

8.  Let y x= ( )cos  
dy
dx

d
dx

x x d
dx

x= ( ) = − ⋅cos sin ( )  

= − ⋅ =
−

−

sin ( ) sinx x x
x

1
2 2

1
2

9. We have 
 f(x) = |x – 1|
 f(1) = |1 – 1| = 0

Rf f h f
h

h
hh h

′ =
+ −

=
+ − −

→ →
( ) ( ) ( ) | |1 1 1 1 1 0

0 0
lim lim

 
lim lim
h h

h
h

h
h→ →

= =
0 0

1| |
 
and 

Lf f h f
h

h
hh h

′ =
− −

−
=

− − −
−→ →

( ) ( ) ( ) | |1 1 1 1 1 0
0 0

lim lim

lim lim
h h

h
h

h
h→ →

−
−

=
−

= −
0 0

1| |

Thus Rf ′(1) ≠ Lf ′(1)
 This shows that f(x) is not differentiable at x = 1.
10. At x = 1, 

Rf f h f
hh

′ =
+ −

→
( ) ( ) ( )1 1 1

0
lim

  =
+ −

=
→

lim
h

h
h0

1 1 0[ ] [ ]  Q [ ] [ ]1 1 1 1+ = =[ ]h and

and Lf f h f
hh

′ =
− −

−→
( ) ( ) ( )1 1 1

0
lim

 

 =
− −

−
= ∞

→
lim
h

h
h0

1 1[ ] [ ]  Q [ ] [ ]1 0 1 1− = =[ ]h and

Thus,  Rf ′(1) ≠ Lf ′(1)

Hence f(x) = [x] is not differentiable at x = 1.  
At x = 2,

Rf f h f
hh

′ =
+ −

→
( ) lim ( ) ( )2 2 2

0

= + − + =
=











→
lim [ ] [ ] [ ]

[ ]h

h
h

h
0

2 2 2 2
2 2

Q

  

= − =2 2 0
h

Lf f h f
hh

′ =
− −

−→
( ) lim ( ) ( )2 2 2

0
 [ [ ] , [ ] ]Q 2 1 2 2− = =h

= − −
−→

lim [ ] [ ]
h

h
h0

2 2

= − = ∞1 2
0

\		Rf ′ (2) ≠ Lf ′(2)
Hence, f(x) is not differentiable at x = 2.

EXERCISE - 5.3

1. We are given that 2x + 3y = sinx ...(i) 
Differentiating both sides of (i) w.r.t. x, we get

2 3 2
3

+ = ⇒ =
−dy

dx
x dy

dx
xcos cos

2. We are given that 2x + 3y = siny ...(i) 
Differentiating (i) both sides w.r.t. x, we get

 
2 3+ =

dy
dx

y dy
dx

cos
 

⇒ − = ⇒ =
−

cos
cos

y dy
dx

dy
dx

dy
dx y

3 2 2
3

3. We are given that ax + by2 = cos y  ...(i) 
Differentiating (i) both sides w.r.t. x, we get

a b y dy
dx

y dy
dx

+ 





= −2 sin
 

⇒ + + =a by dy
dx

y dy
dx

2 0sin

⇒ + = − ⇒ = −
+

dy
dx

by y a dy
dx

a
by y

[ sin ]
sin

2
2

4. We are given that xy + y2 = tanx + y  ...(i) 
Differentiating (i) both sides w.r.t. x, we get

x dy
dx

y y dy
dx

x dy
dx

+ + = +2 2sec

⇒ + − = −x dy
dx

y dy
dx

dy
dx

x y2 2sec

⇒ + − = −
dy
dx

x y x y[ ] sec2 1 2

⇒ =
−

+ −
dy
dx

x y
x y
sec2

2 1



9Continuity and Differentiability

5. We are given that x2 + xy + y2 = 100     ...(i)
Differentiating (i) both sides w.r.t. x, we get

2 2 0x x dy
dx

y y dy
dx

+ + + =

⇒ + = − +
dy
dx

x y x y[ ] ( )2 2

⇒ =
− +

+
dy
dx

x y
x y
( )

( )
2

2
6. We are given that 

x3 + x2y + xy2 + y3 = 81  ...(i)
Differentiating (i) both sides w.r.t. x, we get

3 2 2 3 02 2 2 2x x dy
dx

y x y x y dy
dx

y dy
dx

+ + + + 





+ =( )

⇒ + + = − + +
dy
dx

x xy y x xy y[ ] ( )2 2 2 22 3 3 2

⇒ =
− + +

+ +
dy
dx

x xy y
x xy y
( )3 2

2 3

2 2

2 2

7. We are given that 
sin2y + cos xy = k ...(i)
Differentiating both sides w.r.t. x, we get

2 0sin (sin ) ( sin ) ( )y d
dx

y xy d
dx

xy+ − =

⇒ + − +





=2 0sin cos ( sin )y y dy
dx

xy x dy
dx

y

⇒ − − =2 0sin cos sin siny y dy
dx

x xy dy
dx

y xy

⇒ − =
dy
dx

y y x xy y xy[ sin cos sin ] sin2

⇒ =
−

dy
dx

y xy
y x xy
sin

sin sin2
 

8. We are given that sin2x + cos2y = 1    ...(i)
Differentiating (i) both sides w.r.t. x, we get

2 2 0sin (sin ) cos (cos )x d
dx

x y d
dx

y+ =

 
⇒ + − =2 2 0sin cos ( sin )x x y y dy

dx
cos

⇒ =
dy
dx

x
y

sin
sin

2
2

9. We are given that y
x
x

=
+









−sin 1

2
2

1
 

Putting x = tanq, we get

y =
+









−sin tan

tan
1

2
2

1
θ

θ  
= sin–1 (sin2q) 

    = 2q = 2 tan–1 x

∴ =
+

dy
dx x

2
1 2

10. We are given that y x x
x

=
−

−









−tan 1

3

2
3
1 3

Putting x = tanq, we get

y =
−

−









−tan tan tan

tan
1

3

2
3

1 3
θ θ

θ

⇒ y = tan–1(tan 3q)
⇒ y = 3q   ⇒   y = 3tan–1x [  x = tanq   ⇒  q = tan–1x]

⇒ =
+

dy
dx x

3
1 2 .

11. We are given that y
x
x

=
−
+









−cos ,1

2

2
1
1

where 0 < x < 1

Putting x = tanq, we have 

y =
−
+









−cos tan

tan
1

2

2
1
1

θ
θ

 ⇒  y = cos–1(cos2q)  

⇒ y = 2q

⇒ y = 2 tan–1x   ⇒ =
+

dy
dx x

2
1 2  

12.  We are given that y = sin–1 
1
1

2

2
−
+







x
x

Putting x = tanq, we get 

y =
−
+









−sin tan

tan
1

2

2
1
1

θ
θ

 ⇒ y = sin–1(cos2q)

⇒ = −













⇒ = −−y ysin sin1
2

2
2

2π θ π θ

⇒ = − ⇒ = −
+

−y x dy
dx x

π
2

2 0 2
1

1
2tan

⇒ = −
+

dy
dx x

2
1 2 .

13. We are given that y = cos–1 2
1 2

x
x+







Putting x = tanq, we get

y y=
+









 ⇒ =− −cos tan

tan
cos (sin )1

2
12

1
2θ

θ
θ

⇒ = −













⇒ = −−y ycos cos1
2

2
2

2π θ π θ

 
⇒ = − ⇒ = −

+
−y x dy

dx x
π
2

2 2
1

1
2tan .

14. We are given that y = sin–1 ( )2 1 2x x−

Putting x = sinq, we get y = −−sin [ sin sin ]1 22 1θ θ
⇒ y = sin–1(sin2q)  ⇒  y = 2q
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y = 2 sin–1x   ⇒ =
−

dy
dx x

2

1 2
   

15. We are given that y = sec–1 
1

2 12x −






Putting x = cosq, we get

y =
−







−sec
cos

1
2
1

2 1θ

⇒ y = cos–1(2 cos2q – 1)   Q sec cos− −=





1 11
x

x

⇒ y = cos–1(cos 2q)
⇒ y = 2q   ⇒  y = 2 cos–1x

⇒ = −
−

dy
dx x

2

1 2

EXERCISE - 5.4

1. 
Let y e

x

x
=

sin

∴ =








 =

−dy
dx

d
dx

e
x

x d
dx

e e d
dx

x

x

x x x

sin

sin ( ) (sin )

sin2

=
⋅ − ⋅

=
−sin cos

sin
(sin cos )

sin
x e e x

x
e x x

x

x x x

2 2  , x  ≠  np,  n ∈ Z

2. Let y e x=
−sin 1

dy
dx

d
dx

e e d
dx

xx x= =
− − −( ) (sin )sin sin1 1 1

= ⋅
−

−
e

x
xsin .

1 1

1 2

3. Let y ex=
3

dy
dx

d
dx
e e d

dx
x e x e xx x x x= = = ⋅ = ⋅

3 3 3 33 2 23 3

4. Let y = sin(tan–1 e–x) 

dy
dx

d
dx

e x= − −(sin(tan ( )))1

= − − − −cos (tan ) (tan ( ))1 1e d
dx

ex x

 
= ⋅

+
⋅− −

−
−cos (tan )

( )
1

2
1

1
e

e
d
dx
ex

x
x

= ⋅ −
+

− −
−

−cos (tan )
( )

1
21

e e
e

x
x

x

5. Let y = log(cos ex)
dy
dx

d
dx

e
e

d
dx

ex
x

x= =log (cos )
cos

(cos )1

= ⋅ − = − ⋅1
cos

( sin ) ( ) tan
e

e d
dx

e e ex
x x x x

= –ex tan ex  

6. Let y e e e ex x x x= + + + +
2 3 5

.....

dy
dx

d
dx

e e ex x x= + + +( .... )
2 5

= + + + +d
dx

e d
dx

e d
dx

e d
dx

e d
dx

ex x x x x( ) ( ) ( ) ( ) ( )
2 3 4 5

= + + + +e e x e x e x e xx x x x x2 3 4 5
2 3 4 52 3 4( ) ( ) ( ) ( )

= + + + +e xe x e x e x ex x x x x2 3 4 5
2 3 4 52 3 4

7. Let y e x=

dy
dx

d
dx

e d
dx

e e d
dx
ex x x x= = = ⋅

−
( ) ( )/1 2

1
21

2
 

= 1
2

 ⋅ ⋅ = ⋅ ⋅
− − −( ) ( ) ( )/ /e e d

dx
x e e xx x x x

1
2 1 2 1 21

2
1
2

= e

x e
x

x

x4
0

⋅
>,

8. Let y = log (log x), x > 1

dy
dx

d
dx

x
x

d
dx

x= = ⋅log (log )
(log )

(log )1

      
= ⋅ =1 1 1

log logx x x x , x > 1

9.
 

Let y x
x

=
cos
log

dy
dx

d
dx

x
x

x d
dx

x x d
dx

x

x
=







=
−cos

log

log cos cos log

(log )2

=
− − 





= −
+



log ( sin ) cos

(log )

sin log cos

(log )

x x x
x

x

x x
x

x

x

1 1

2 2









=
 

− +
>

( sin log cos )
(log )

,x x x x
x x

x2 0

10. Let y = cos(log x + ex)
dy
dx

d
dx

x ex= +cos (log )

= − + +sin(log ) (log )x e d
dx

x ex x

= − + +





sin(log )x e
x

ex x1

= − +



 + >1 0

x
e x e xx xsin(log ),

EXERCISE - 5.5
1. Let y = cos x ⋅ cos 2x ⋅ cos 3x
Taking log on both sides, we get
⇒ log y = log(cos x ⋅ cos 2x ⋅ cos 3x)
Then, log y = log(cos x) + log (cos 2x) + log(cos 3x)  ...(i)
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On differentiating (i) both sides w.r.t. x, we get

1 1 1
2

2 2
y
dy
dx x

x
x

x⋅ = − + −
cos

( sin )
cos

( sin ) ( )

 
+ −1

3
3 3

cos
( sin ) ( )

x
x

⇒ = − − −1 2 2 3 3
y
dy
dx

x x xtan tan tan

∴ = − ⋅ ⋅
dy
dx

x x xcos cos cos2 3  (tanx + 2 tan2x + 3 tan3x)

2. Let y x x
x x x

=
− −

− − −
( ) ( )

( ) ( ) ( )
1 2

3 4 5
  ...(i)

Taking log on both sides of (i), we get

log [log ( ) log ( ) log ( )y x x x= − + − − −1
2

1 2 3
  

                              − − − −log ( ) log ( )]x x4 5  ...(ii)

Differentiating (ii) on both sides w.r.t. x, we get

⇒ ⋅ =
−

+
−

−
−

−
−

−
−











1 1
2

1
1

1
2

1
3

1
4

1
5y

dy
dx x x x x x( ) ( ) ( ) ( ) ( )

∴ =
− −

− − −
dy
dx

x x
x x x

1
2

1 2
3 4 5

( ) ( )
( ) ( ) ( )

 

1
1

1
2

1
3

1
4

1
5( ) ( ) ( ) ( ) ( )x x x x x−

+
−

−
−

−
−

−
−











 

3. Let y =  (log x)cosx                         ...(i)
Taking log on both sides of (i), we get
log y = cos  x log (logx)  ...(ii)
On differentiating (ii) both sides w.r.t. x, we get
1
y
dy
dx

x d
dx

x x d
dx

x= +cos log (log ) log (log ) cos
  

= ⋅ + −cos
log

log (log ) ( sin )x
x x

x x1 1

        

= −cos
log

sin log (log )x
x x

x x
 

dy
dx

x x
x x

x xx= −








(log ) cos

log
sin log (log )cos

4. Let y = xx – 2sinx

⇒ y = u – v, where u = xx and v = 2sinx.
Differentiating both sides w.r.t. x, we get

∴ = −
dy
dx

du
dx

dv
dx

   ...(i)

Now, u = xx

Taking log on both sides, we get
logu = x log x

⇒ = +1 1
u
du
dx

x
x

xlog

⇒ = +du
dx

x xx[ log ]1   ...(ii)

 and v = 2sinx

Taking log on both sides, we get
log v = sinx log 2

⇒ =1 2
v
dv
dx

xlog (cos )

⇒ = ⋅dv
dx

xx2 2sin (cos log )   ...(iii)

From (i), (ii) and (iii) we get
dy
dx

 = xx [1 + logx] – 2sinx(cosx · log2)

5. Let y = (x + 3)2·(x + 4)3·(x + 5)4 
Taking log on both sides, we get 
log y = log[(x + 3)2 (x + 4)3 (x + 5)4] ...(i)
log y = 2 log (x + 3) + 3 log(x + 4) + 4 log (x + 5)
Differentiating (i) w.r.t. x, we get
1 2 1

3
3 1

4
4 1

5y
dy
dx x x x

= ⋅
+

+ ⋅
+

+ ⋅
+( ) ( ) ( )

⇒ = + ⋅ + ⋅ +
dy
dx

x x x( ) ( ) ( )3 4 52 3 4 2
3

3
4

4
5x x x+

+
+

+
+









 .

⇒
dy
dx

= (x + 3) (x + 4)2 (x + 5)3 (9x2 + 70x + 133)

6.  Let y x
x

x u v
x

x= +





+ = +
+



1 1 1

,

where andu x
x

v x
x

x= +



 =

+



1 1 1

Differentiating the above w.r.t. x, we get

 
dy
dx

du
dx

dv
dx

= +   ...(i)

Now, u x
x

x
= +





1

Taking log on both sides, we get

⇒ = +





log logu x x
x
1

  
...(ii)

Differentiating (ii) w.r.t. x, we get

⇒ = +





+ +





1 1 1 1
u
du
dx

x d
dx

x
x

x
x

log log ( )

 =
+

−





+ +





x

x
x

x
x

x1 1 1 1
2 log

⇒ = +



 +

−





+ +





















du
dx

x
x

x

x
x

x
x

x

x1
1 1 1 1

2 log  ...(iii)

Also, v x x=
+





1 1
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Taking log on both sides, we get

⇒ = +





log logv
x

x1 1   ...(iv)

Differentiating (iv) w.r.t. x, we get

⇒ = +





+ +





1 1 1 1 1
v
dv
dx x

d
dx

x x d
dx x

log log

= +





+ −





1 1 1 1
2x x

x
x

log

dv
dx

x
x x

x
x

x= +





+ −















+





1 1

21 1 1 1log
    

...(v)

Substituting the value of (iii) and (v) in (i), we get

dy
dx

x
x

x

x
x

x
x

x

x
= +



 +

−





+ +





















1
1 1 1 1

2 log

+ +





+ −















+



x

x x
x

x
x

1 1

21 1 1 1log

7. Let y = (log x)x + xlog x = u + v, 
 where u = (logx)xand v = xlogx

Differentiating y = u + v w.r.t. x, we get
dy
dx

du
dx

dv
dx

= +
  

...(i)

Now u = (log x)x

Taking log on both sides, we get
logu = x log(log x)  ...(ii)
Differentiating (ii) w.r.t. x, we get
1
u
du
dx

x d
dx

x x⋅ = +log (log ) log (log )
 

 
= ⋅ ⋅ +x

x x
x1 1

log
log (log )

 
= +1

log
log (log )

x
x

 

 

du
dx

x
x

xx= +








(log )

log
log (log )1   ...(iii)

Also, v = xlog x

Taking log on both sides, we get
log v = logx log x = (log x)2  ...(iv)
Differentiating (iv) w.r.t. x, we get
1 2 1
v
dv
dx

x
x

= ⋅log

dv
dx

x x
x

x= 





log log2   ...(v)

∴ = +










dy
dx

x
x

xx(log )
log

log (log )1

 

 
+ 





x x
x

xlog log2
    

[From (i), (iii) and (v)]

8. Let y = (sinx)x + sin−1 x = u + v, 

where u = (sinx)x and v x= −sin 1

Differentiating y = u + v w.r.t. x, we get

⇒ = +
dy
dx

du
dx

dv
dx

  ...(i)

Now, u = (sinx)x

Taking log on both sides, we get
logu = x log sin x ...(ii)
Differentiating (ii) w.r.t. x, we get
1
u
du
dx

x d
dx

x x⋅ = +(log sin ) log sin      

 
= ⋅ ⋅ +x

x
x x1

sin
cos log sin

 = xcot x + log sin x

 
du
dx

x x x xx= +(sin ) [ cot log sin ]
  

...(iii)

Also, v x= −sin 1
  ...(iv)

Differentiating (iv) w.r.t. x, we get

dv
dx x x

=
−

⋅1
1

1
2

  ...(v)   

 

dy
dx

x x x x
x x

x= ⋅ + +
−

⋅(sin ) [ cot log sin ] 1
1

1
2

 [From (i), (iii) and (v)]
9. Let y = xsinx + (sinx)cosx = u + v, where u = xsinx and  
v = (sinx)cosx.
Differentiating y = u + v w.r.t. x, we get
dy
dx

du
dx

dv
dx

= +
  

.... (i)

Now, u = xsin x

Taking log on both sides, we get
log u = sinx log x ...(ii)
Differentiating (ii) w.r.t. x, we get

⇒ = +1
u
du
dx

x d
dx

x x d
dx

xsin (log ) log (sin )

 = ⋅ +sin log cosx
x

x x1
 

 

du
dx

x x
x

x xx= +





sin sin log cos
  

...(iii)

Also, v = (sin x)cosx

Taking log on both sides, we get
log v = cos x log sin x ...(iv)
Differentiating (iv) w.r.t. x, we get
1
v
dv
dx

x d
dx

x x d
dx

x= +cos log sin log sin cos

= + −cos
sin

·cos log sin ( sin )x
x

x x x1

= cos x cot x – sin x log sin x
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dv
dx

x x x x xx= −(sin ) [cos cot sin log sin ]cos  ...(v)

Substituting the values of (iii) & (v) in (i), we get

∴ = +





dy
dx

x x
x

x xxsin sin log cos

+ (sin x)cosx [cos x cot x – sin x log sin x]

10. Let y x x
x

u vx x= +
+
−

= +cos ,
2

2
1
1

 

where   u x v x
x

x x= = +
−

cos and
2

2
1
1

 

Differentiating the above w.r.t. x, we get
dy
dx

du
dx

dv
dx

= +
  

...(i)

Now, u = xx cos x

Taking log on both sides, we get
logu = x cosx logx                                          ...(ii)
Differentiating (ii) w.r.t. x, we get

1
u
du
dx

x x d
dx

x x x d
dx

x= +cos (log ) log cos

 
+ cos log ( )x x d

dx
x

1 1
u
du
dx

x x
x

x x x x x= ⋅ + − +cos log ( sin ) cos log

 = cos x – x sin x log x + cos x log x 
du
dx

x x x x x x xx x= − +cos [cos sin log cos log ]  ...(iii)

Also, v x
x

=
+
−

2

2
1
1   

...(iv)

Differentiating (iv) w.r.t. x, we get

⇒ =
− + − + −

−
dv
dx

x d
dx

x x d
dx

x

x

( ) ( ) ( ) ( )

( )

2 2 2 2

2 2

1 1 1 1

1

    
=

− − +
−

( ) ( ) ( ) ( )
( )

x x x x
x

2 2

2 2
1 2 1 2

1  

    
=

− − −
−

= −
−

2 1 1
1

4
1

2 2

2 2 2 2
x x x

x
x

x
[ ]

( ) ( )   
...(v)

Substituting the values of (iii) & (v) in (i), we get

∴ = −
dy
dx

x x x x xx xcos [cos sin log

 
+ −

−
cos log ]

( )
x x x

x
4

12 2

11. Let y = (x cosx)x + (x sinx)1/x = u + v, where  
u = (x cosx)x and , ( sin ) /v x x x= 1

On differentiating above w.r.t. x, we get

⇒ = +
dy
dx

du
dx

dv
dx

  ...(i)

Now, u = (x cos x)x. Taking log on both sides, we get
log u = x log (x cosx)  ...(ii)
Differentiating (ii) both sides w.r.t. x, we get
1
u
du
dx

x d
dx

x x x x= +log ( cos ) log( cos )

=








 +x

x x
d
dx

x x x x1
cos

( cos ) log ( cos )

= +













 +x

x x
x d
dx

x x x x1
cos

cos cos log ( cos )
  

= − +








 +x

x x
x x x x x1

cos
( ( sin ) cos ) log ( cos )

= secx (cosx – x sinx) + log(x cosx)
= 1 – x tanx + log(x cosx) 
du
dx

x x x x x xx= − +( cos ) [ tan log ( cos )]1  ...(iii)

Now, v = (x sinx)1/x

Taking log on both sides, we get

log log ( sin )v
x

x x= 1
  ...(iv)

Differentiating (iv) w.r.t. x, we get

1 1 1
v
dv
dx x

d
dx

x x x x d
dx x

= + 





log ( sin ) log( sin )

= ⋅ + −





1 1 1
2x x x

d
dx

x x x x
xsin

· ( sin ) log ( sin )·
 

= +





−1
2 2x x

x d
dx

x x x x
xsin

(sin ) sin log ( sin )

= + −
cot log ( sin )x

x x
x x
x

1
2 2  

=
+ −x x x x

x
cot log ( sin )1

2  

dv
dx

x x x x x x
x

x=
+ −





( sin ) cot log ( sin )/1
2

1  ...(v)

Substituting the values of (iii) and (v) in (i), we get
dy
dx

x x x x x xx= − +( cos ) [ tan log ( cos )]1

+
+ −





( sin ) cot log ( sin )/x x x x x x
x

x1
2

1

12. xy + yx = 1   ...(i)
Differentiating (i) w.r.t. x, we get 
d
dx

x d
dx

yy x( ) ( )+ = 0   ...(ii)

Let  u = xy

Taking log on both sides, we get
log u = y log x  ...(iii)
Differentiating the above w.r.t. x, we get
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1 1
u
du
dx

y
x

x dy
dx

= +· log

du
dx

x y
x

x dy
dx

y= +





log
  

...(iii)

Let v = yx   ⇒   logv = x logy  ...(iv)
Differentiating above w.r.t. x, we get

1 1
v
dv
dx

x
y
dy
dx

y= +· log

⇒ = +










dv
dx

y x
y
dy
dx

yx log
  

...(v)

Substituting values of (iii) and (v) in (ii), we get

x y
x

x dy
dx

y +





log + +






=y x
y
dy
dx

yx log 0

⇒ + = − +− −( log ) ( log )x x xy dy
dx

y y yxy x x y1 1

⇒ = −
+

+

−

−
dy
dx

y y yx
x x xy

x y

y x
log
log

.
1

1

13. We are given that yx = xy

Taking log on both sides, we get
x log y = y log x  ...(i)
Differentiating (i) both sides w.r.t. x, we get

x d
dx

y y y d
dx

x x dy
dx

· log log · log log+ = +1

⇒ + = +x
y
dy
dx

y y
x

x dy
dx

· · log log ·1

⇒ −








 = −

dy
dx

x x
y

y y
x

log log

⇒ =
−
−

dy
dx

y x y y
x y x x

( log )
( log )

= y
x
y x y
x y x

−
−







log
log

14. We have (cos x)y = (cos y)x

Taking log on both sides, we get
⇒ y log (cos x) = x log (cos y)  ...(i)
Differentiating (i) both sides w.r.t. x, we get

y d
dx

x x dy
dx

log (cos ) log (cos )+

= + ⋅x d
dx

y y(log (cos )) log (cos ) 1

⇒ − +y
x

x x dy
dx

1
cos

( sin ) log (cos )  

= ⋅ − +x
y

y dy
dx

y1
cos

( sin ) log (cos )

⇒ +
dy
dx

x x y[log (cos ) tan ]  = log(cos y) + y tan x

⇒ =
+
+

dy
dx

y y x
x x y

log (cos ) tan
log (cos ) tan

15. We know that xy = e(x – y)

Taking log on both sides, we get
log(xy) = log e(x – y)  ...(i)
logx + logy = x – y
Differentiating (i) both sides w.r.t. x, we get

1 1 1
x y

dy
dx

dy
dx

+ = −





  ⇒		
dy
dx y x

1 1 1 1+






= −

⇒ =
−
+

dy
dx

y x
x y

( )
( )

.1
1

16. Let f(x) = y
y = (1 + x) (1 + x2) (1 + x4) (1 + x8)
Taking log on both sides, we get
log y = log [(1 + x)(1 + x2)(1 + x4)(1 + x8)]
⇒	log y = log(1 + x) + log(1 + x2) + log(1 + x4) 
          + log(1 + x8)  ...(i)
Differentiating (i) w.r.t. x, we get
1 1

1
1

1
2 1

1
42 4

3
y
dy
dx x x

x
x

x=
+

+
+

+
+( ) ( )

( )
( )

( )

 
+

+
1

1
88

7
( )

( )
x

x

⇒
 

dy
dx

y
x

x
x

x
x

x
x

=
+

+
+

+
+

+
+













1
1

2
1

4
1

8
12

3

4

7

8( ) ( )

i.e., f ′(x) = (1 + x)(1 + x2)(1 + x4)(1 + x8) 

 

1
1

2
1

4
1

8
12

3

4

7

8+
+

+
+

+
+

+











x

x
x

x
x

x
x

⇒	f ′(1) = (1 + 1) (1 + 1) (1 + 1) (1 + 1)  

 

1
1 1

2 1
1 1

4 1
1 1

8 1
1 1+

+
+

+
+

+
+











( ) ( ) ( )

′ = + + +





f ( ) ( )( )( )( )1 2 2 2 2 1
2

2
2

4
2

8
2

′ =
+ + +








= = =f ( ) ( ) ( ) .1 16 1 2 4 8
2

16
2

15 8 15 120

17.  (i) Let f(x) = (x2 – 5x + 8) (x3 + 7x + 9)  ...(1)
Differentiating (1) w.r.t. x, we get

f ′(x) = (x2 – 5x + 8) d
dx

(x3 + 7x + 9) 

 + (x3 + 7x + 9) d
dx

(x2 – 5x + 8) 

⇒ f ′(x) = (x2 – 5x + 8)(3x2 + 7) + (x3 + 7x + 9)(2x – 5)
⇒  f ′(x) = 3x4 – 15x3 + 24x2 + 7x2 – 35x + 56 + 2x4 
 + 14x2 + 18x – 5x3 – 35x – 45
⇒ f ′(x) = 5x4 – 20x3 + 45x2 – 52x + 11.
(ii) By expanding the product to obtain a single 
polynomial, we have
 f(x) = (x2 – 5x + 8)(x3 + 7x + 9)
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⇒ f(x) = x5 + 7x3 + 9x2 – 5x4 – 35x2 – 45x + 8x3 + 56x + 72
⇒  f(x) = x5 – 5x4 + 15x3 – 26x2 + 11x + 72
Differentiating the above equation w.r.t. x, we get 
f ′(x) = 5x4 – 20x3 + 45x2 – 52x + 11.
(iii) By logarithmic differentiation
Let y = (x2 – 5x + 8)(x3 + 7x + 9)
Taking log on both the sides, we get

log y = log{(x2 – 5x + 8)(x3 + 7x + 9)}

⇒  log y = log{(x2 – 5x + 8) + log(x3 + 7x + 9)
Differentiating the above equation w.r.t. x, we get  

1 1
5 8

2 52y
dy
dx x x

x=
− +

−
( )

( ) +
+ +

+1
7 9

3 73
2

( )
( )

x x
x

⇒
  

dy
dx

y x
x x

x
x x

=
−

− +
+

+
+ +













2 5
5 8

3 7
7 92

2

3

⇒
  dy
dx

x x x x

x
x x

x
x x

= − + + +

−
− +

+
+

+ +













( ) ( )2 3

2

2

3

5 8 7 9

2 5
5 8

3 7
7 9

= (2x – 5)(x3 + 7x + 9) + (3x2 + 7)(x2 – 5x + 8)
dy
dx

x x x x= − + − +5 20 45 52 114 3 2

\  The answer is same in all the three cases.

18. Using product rule : Let y = u⋅v⋅w = u⋅(vw)  ...(i)
Differentiating (i) both sides w.r.t. x, we get

 dy
dx

u vw u d
dx

vw= ′ ⋅ +( ) ( )

 = u′  (vw) + u[v′w + vw′]
 = u′vw + uv′w + uvw′

	
= ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅du
dx

v w u dv
dx

w u v dw
dx  

Using logarithmic differentiation = u⋅v⋅w

Taking log on both sides, we get 
logy = logu + logv + log w ...(ii)
Differentiating (ii) both sides w.r.t. x, we get

1 1 1 1
y
dy
dx u

du
dx v

dv
dx w

dw
dx

= + +

dy
dx

y
u
du
dx v

dv
dx w

dw
dx

= + +





1 1 1

= + +





uvw
u
du
dx v

dv
dx w

dw
dx

1 1 1

= + +vw du
dx

uw dv
dx

uv dw
dx

= ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅du
dx

v w u dv
dx

w u v dw
dx

EXERCISE - 5.6
1. Here, x = 2at2   ...(i) 
and y = at4  ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get
dx
dt

a t at= =2 2 4( )  and dy
dt

at= 4 3    

∴ = = =
dy
dx

dy dt
dx dt

at
at

t/
/

.4
4

3
2

2. Here, x = a cosq   ...(i)
and y = b cosq  ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get
dx
d

a a
θ

θ θ= − = −( sin ) sin  and  

dy
d

b b
θ

θ θ= − = −( sin ) sin

dy
dx

dy d
dx d

b
a

b
a

= =
−
−

=
/
/

sin
sin

.θ
θ

θ
θ

3. Here, x = sin t   ...(i)
and y = cos2t  ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get

∴ = = − ⋅ = −dx
dt

t dy
dt

t tcos sin sinand 2 2 2 2

dy
dx

dy dt
dx dt

t
t

t t
t

= =
−

=
− ⋅/

/
sin

cos
sin cos
cos

2 2 2 2

        = – 4sint
4. Here, x = 4t  ...(i)

y
t

= 4    ...(ii)

Differentiating (i) & (ii) w.r.t. t, we get
dx
dt

dy
dt t

= = −4 4
2and

dy
dx

dy dt
dx dt t t

= = − × = −/
/

.4 1
4

1
2 2

5. Here, x = cosq – cos2q   ...(i) 
y = sinq – sin2q  ...(ii) 
Differentiating (i) & (ii) w.r.t. t, we get
dx
dθ

θ θ= − − −sin ( sin )·2 2  = 2 sin2q – sinq

dy
dθ

θ θ= − ⋅cos cos 2 2 = cosq – 2 cos2q

∴ = =
−

−
dy
dx

dy d
dx d

/
/

cos cos
sin sin

θ
θ

θ θ
θ θ
2 2

2 2

6. Here, x = a(q– sinq) ...(i)
y = a(1 + cosq) ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get
dx
d

a
θ

θ= −[ cos ]1
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dy
d

a a
θ

θ θ= − = −[ sin ] sin

dy
dx

dy d
dx d

a
a

= =
−

−
/
/

sin
( cos )

θ
θ

θ
θ1

=
−
−

=
−

= −
sin
cos

sin cos

sin
cotθ

θ

θ θ

θ
θ

1

2
2 2

2
2

22

7. Here, x t
t

= sin
cos

3

2
  ...(i) 

 y t
t

= cos
cos

3

2
  ...(ii)

Differentiating (i) & (ii) w.r.t. t, we get

dx
dt

t d
dt

t t d
dt

t

t
=

−cos sin sin cos

cos

2 2

2

3 3

=
− −cos sin cos sin ·

cos
·( sin )·

cos

2 3 1
2 2

2 2

2

2 3t t t t
t

t

t

=
+cos sin cos sin sin

cos
cos

2 3 2
2

2

2
3

t t t t t
t

t

=
+3 2 2

2

2 3

3 2
cos sin cos sin sin

(cos ) /
t t t t t

t

dy
dt

t d
dt

t t d
dt

t

t
=

−cos cos cos cos

cos

2 2

2

3 3

=
− − −cos · cos ( sin ) cos ·

cos
·( sin )·

cos

2 3 1
2 2

2 2

2

2 3t t t t
t

t

t

=
− ⋅ ⋅ +3 2 2

2
2

2
3

cos sin cos cos sin
cos

cos

t t t t t
t

t

=
−cos sin cos ·sin cos

(cos ) /

3 2

3 2
2 3 2

2
t t t t t

t

dy
dx

dy dt
dx dt

t t t t t
t t t

= =
− ⋅/

/
cos sin cos sin cos

cos sin cos

3 2

2
2 3 2

3 2 ++ sin sin3 2t t

8. Here, x a t t= +





cos log tan
2

  ...(i)  

y = a sin t   ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get 

dx
dt

a t t
d
dt

t= − +

















sin
tan

tan1

2
2

 

 = − +

















=a t t
t a t

t
sin

tan
·sec · cos

sin
1

2
2

1
2

2
2

dy
dt

a t= cos   

∴ = = =
dy
dx

dy dt
dx dt

a t t
a t

t/
/

cos sin
cos

tan2

9. Here, x = a secq   ...(i)  
y = b tanq   ...(ii)
Differentiating (i) & (ii) w.r.t. q, we get
dx
d

a
θ

θ θ= sec tan  and  dy
d

b
θ

θ= sec2

∴ = =
dy
dx

dy d
dx d

b
a

/
/

sec
sec tan

θ
θ

θ
θ θ

2

     
= =b
a

b
a

sec
tan

.θ
θ

θcosec

10. Here, x = a(cosq + q sinq)   ...(i)  
y = a(sinq – q cosq)  ...(ii)
Differentiating (i) & (ii) w.r.t. q, we get
dx
d

a a
θ

θ θ θ θ θ θ= − + ⋅ + =[ sin cos sin ] cos

dy
d

a
θ

θ θ θ θ= − − +[cos ( ( sin ) cos )]

= a [cosq + q sinq – cosq] = a q sinq

dy
dx

dy d
dx d

a
a

= = =
/
/

sin
cos

tanθ
θ

θ θ
θ θ

θ

11. Given and, sin cosx a y at t= =
− −1 1

dx
dt

a

d
dt
a

t

t= ⋅ ⋅
−

−1
2

1
1

1

sin

sin( )  

= ⋅ ⋅ ⋅
−

− −1
2

1
1

1 1

a
a a d

dt
t

t

t

sin

sin log (sin )

= ⋅ ⋅
−

−
a a

t

tsin
log

1

2
1

1 2

dy
dt

a

d
dt
a

t

t= ⋅ ⋅
−

−1
2

1
1

1

cos

cos( )

 = ⋅ ⋅ ⋅ ⋅ −

−−

−1
2

1 1

11

1

2
a t

a a
t

t

cos

cos log

   
= ⋅ −

−











−
a a

t

tcos
log

1

2
1

1 2
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∴ = =

⋅ ⋅ −

−











⋅ ⋅
−

−

−

dy
dx

dy
dt
dx
dt

a a
t

a a

t

t

cos

sin

log

log

1

1

2
1

1

2
1

1

2

tt2

 = − =
−

−

−

a

a

y
x

t

t

cos

sin
.

1

1

EXERCISE - 5.7
1. Let y = x2 + 3x + 2

⇒ = + ⇒ =
dy
dx

x d y
dx

2 3 2
2

2 .

2. Let y = x20

dy
dx

x= 20 19

d y
dx

x x
2

2
18 1820 19 380= ⋅ = .

3. Let y = xcosx
dy
dx

x x x x x x= ⋅ − + = − +( sin ) cos sin cos

d y
dx

x x x x
2

2 = − + −[ cos sin ] sin

 = – (xcosx + 2sinx)
4. Let y = logx
dy
dx x

d y
dx x

= ⇒ = −1 12

2 2

5. Let y = x3 logx
dy
dx

x
x

x x x x x= ⋅ + ⋅ = +3 2 2 21 3 3log log
 

d y
dx

x x
x

x x
2

2
22 3 1 2= + ⋅ + ⋅





log

= 2x + 3[x + 2x logx] = 2x + 3x + 6x log x
= 5x + 6x logx = x (5 + 6 log x). 
6. Let y = ex sin5x
dy
dx

e
d
dx

x x
d
dx

ex x= +sin sin5 5

= ex · cos5x · 5 + sin5x · ex = ex [5 cos5x + sin5x]

d y
dx

e x xx
2

2 5 5 5 5 5= − ⋅ + ⋅[ ( sin ) cos ] + [5 cos 5x + sin 5x] ex

= ex [–25 sin 5x + 5 cos 5x + 5 cos 5x + sin 5x] 
= ex [10 cos 5x – 24 sin 5x] = 2ex [5 cos 5x – 12 sin 5x]

7. Let y = e6x cos 3x
dy
dx

e x x ex x= − ⋅ + ⋅ ⋅6 63 3 3 6( sin ) cos

      = 6 ⋅ e6x cos3x – 3e6x sin3x
d y
dx

e x x ex x
2

2
6 66 3 3 3 6= − ⋅ + ⋅ ⋅[ ( sin ) cos ]

 – 3[e6x cos 3x ⋅ 3 + sin 3x e6x ⋅ 6]

= –18 ⋅ e6x sin 3x + 36 e6x cos 3x – 9e6x cos 3x – 18e6x sin3x
= 27e6x cos 3x – 36e6x sin 3x = 9e6x(3 cos 3x – 4 sin 3x)
8. Let y = tan–1x
dy
dx x

=
+
1

1 2( )

d y
dx

x x
x

x
x

2

2

2

2 2 2 2
1 0 1 2

1
2

1
=

+ ⋅ − ⋅
+

= −
+

( ) ( )
( ) ( )

9. Let y = log(log x) 
dy
dx x x

= ⋅1 1
log

 

d y
dx x x x

d
dx x

2

2 2
1 1 1 1= −





+ 



log log

= − +
− ⋅















1 1 0 1 1

2 2x x x

x
x

xlog

log .

(log )

= − +
−















1 1
1

2 2x x x
x
xlog (log )

 

= − − = − +










1 1 1 1 1
2 2 2 2x x x x x x xlog (log ) log log

.

=
− +1 1

2
( log )

( log )
x

x x
10. Let y = sin(log x)
dy
dx

x
x

= cos (log )· 1

d y
dx

x
x x

x
x

2

2 2
1 1 1= −





+ −cos (log )· · { sin (log )}

=
−

−
cos (log ) sin (log )x

x
x

x2 2

= − +1
2x

x x[cos (log ) sin (log )].

11. We have y = 5 cosx – 3 sinx
dy
dx

x x x x= − − = − −5 3 5 3( sin ) (cos ) sin cos

d y
dx

x x x x
2

2 5 3 5 3= − − − = − +cos ( sin ) cos sin

d y
dx

y x x x x
2

2 5 3 5 3 0+ = − + + − =cos sin cos sin .

12. We have y = cos–1 x   ⇒   x = cos y  ...(i)
Differentiating (i) w.r.t. x, we get

1 = − ⇒ = −sin cosy dy
dx

dy
dx

yec   ...(ii)

Differentiating (ii) w.r.t. x, we get
d y
dx

y y dy
dx

y y
2

2
2= = −cos cot cos cotec ec



18  100 PERCENT Mathematics Class-12

13. We have 
y = 3 cos(log x) + 4 sin(log x)  ...(i)
Differentiating (i) w.r.t. x, we get 
dy
dx

x
x

x
x

= −





+ 





3 1 4 1sin (log ) cos (log )

d y
dx

x
x x

x
x

2

2 23 1 1 1= − −











+ −








sin (log ) ( cos (log ))

 
+ −





+ −








4 1 1 1

2cos (log )· { sin (log )}x
x x

x
x

= −1 3 32x
x x[ sin(log ) cos (log )

 – 4 cos (logx) – 4 sin(log x)]

x d y
dx

x x2
2

2 3 4= −[ sin (log ) cos (log )

 – (3 cos (log x) + 4 sin (log x)]

x d y
dx

x dy
dx

y x d y
dx

x dy
dx

y2
2

2
2

2

2 0= − − ⇒ + + =

⇒  x2y2 + xy1 + y = 0
14. Let y = Aemx + Benx ...(i)
Differentiating (i) w.r.t. x, we get
dy
dx

Ae m Be nmx nx= +∙ ∙ = Amemx + Bnenx  ...(ii)

Differentiating (ii) w.r.t. x, we get
d y
dx

Ame m Bne nmx nx
2

2 = ⋅ + ⋅  = Am2emx + Bn2enx ...(iii)

Now, d y
dx

m n dy
dx

mny Am e Bn emx nx
2

2
2 2− + + = +( )

– [(m + n) (Amemx + Bnenx)] + mn (Aemx + Benx)
 [From (i), (ii) and (iii)]
 = Am2emx + Bn2enx – Am2emx – Bmnenx 
– Amnemx – Bn2enx + Amnemx + Bmnenx = 0

15. Let y = 500 e7x + 600 e–7x

dy
dx

e ex x= ⋅ ⋅ + ⋅ ⋅ −−500 7 600 77 7 ( )

= 3500 e7x – 4200 e–7x

d y
dx

e ex x
2

2
7 73500 7 4200 7= ⋅ ⋅ − ⋅ − −( )

= 24500 e7x + 29400 e–7x

= 49 (500 e7x + 600 e–7x) = 49 y

∴ =
d y
dx

y
2

2 49

16.  We have xey + ey = 1  ... (i)
Differentiating (i) w.r.t. x, we get 

xe dy
dx

e e dy
dx

dy
dx x

y y y+ + = ⇒ = −
+

0 1
1

  ...(ii)

From (ii), dy
dx x





 =

+






2 21
1

  ...(iii)

Differentiating (ii) w.r.t. x, we get
d y
dx x

2

2 2
1
1

=
+( )   ...(iv)

From (iii) and (iv), we get

d y
dx

dy
dx

2

2

2
= 



  

17. Let y = (tan–1 x)2  ...(i)
Differentiating (i) w.r.t. x, we get
dy
dx

x
x

=
+

−2 1
1

1
2tan ·

( )

d y
dx

x x x
x x x

2

2
1

2

2 2 2 22 1 0 2
1

1
1

1
1

=
+ −

+
+

+ +













−tan ({ }· )
( ) ( )

·
( )

 =
−

+
+

+













−
2 2

1
1

1

1

2 2 2 2
x x

x x
tan

( ) ( )
=

− +
+













−
2 2 1

1

1

2 2
x x

x
tan

( )

Now, ( ) ( )x d y
dx

x x dy
dx

2 2
2

2
21 2 1+ + +

= +
− +

+













−
( ) · tan

( )
x x x

x
2 2

1

2 21 2 2 1
1

 + +
+

−2 1 2 1
1

2 1
2x x x

x
( )· tan

( )
= –4x tan–1x + 2 + 4x tan–1 x = 2

NCERT MISCELLANEOUS EXERCISE
1.  Let y = (3x2 – 9x + 5)9  ...(i)
Differentiating (i) w.r.t. x, we get

⇒
 
dy
dx

x x x= − + ⋅ −9 3 9 5 6 92 8( ) ( )

= 27(3x2 – 9x + 5)8·(2x – 3) 

2.  Let y = sin3x + cos6x ...(i)
Differentiating (i) w.r.t. x, we get
dy
dx

x x x x= + −3 62 5sin cos cos ( sin )

= 3 sinx cos x (sinx – 2 cos4x)

3. Let y = (5x)3cos2x

Taking log on both sides, we get
logy = 3cos2x log(5x) = 3 cos2x [log5 + logx]
logy = 3 cos2x log5 + 3 cos2x logx  ...(i)
Differentiating (i) w.r.t. x, we get

1 3 5 2 2 3 2
y
dy
dx

x x
x

= − ⋅ +log ( sin ) cos
+ 3 logx (–2sin2x)

= − + −6 2 5 3 2 6 2sin log cos sin logx x
x

x x
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dy
dx

x x
x

x xx= − +





( ) cos (log log ) sincos5 3 2 6 5 23 2

= −





( ) cos sin logcos5 3 2 6 2 53 2x x
x

x xx

4.  Let y x x= ( )−sin 1  ...(i)

Differentiating w.r.t. x, we get

dy
dx x

d
dx
x x

x
x

x
x=

−
⋅ =

−
⋅ +





1

1

1

1

1
23 3

=
−

+








 =

−

+









1

1 2
1

1

2
23 3x

x x
x

x x

=
−

3
2 1 3· .x

x

5. Let y x x= +− −cos ( ) /1 1 2
2

2 7   ...(i)

Differentiating (i) w.r.t. x, we get

dy
dx

x d
dx

x= +





− −cos ( ) /1 1 2
2

2 7  + + 





− −( ) cos/2 7
2

1 2 1x d
dx

x

dy
dx

x x= − +





− −cos ( ) ( )/1 3 2
2

1
2

2 7 2

+ + −

− 

























×−( ) /2 7 1

1
2

1
2

1 2
2

x
x

dy
dx

x x x
x

= − + + + −

−

























− − −cos ( ) ( )/ /1 3 2 1 2

22
2 7 2 7 1

2 1
4






= −
− +

+
+

















−
1

4 2 7
2

2 72

1

3 2x x

x

x

cos

( ) /

6. Let y
x x
x x

x=
+ + −
+ − −







< <





−cot

sin sin
sin sin

,1 1 1
1 1

0
2
π

y

x x x x

x x x x

=

+ +

+ + −
−cot

cos sin sin cos

cos sin sin cos
1

2 2

2 2

2 2
2

2 2

2 2
2

2 2

ccos sin sin cos

cos sin sin cos

2 2

2 2

2 2
2

2 2

2 2
2

2 2

x x x x

x x x x

+ +

− + −





























  

y

x x x x

x x
=

+



 + −





+


−cot
cos sin cos sin

cos sin

1

2 2

2 2 2 2

2 2

 − −

























2 2

2 2
cos sinx x  

y

x x x x

x x x x=
+ + −

+ − +









−cot
cos sin cos sin

cos sin cos sin

1 2 2 2 2

2 2 2 2









y

x

x y x=

















⇒ = 





− −cot
cos

sin
cot cot1 1

2
2

2
2

2

⇒ = ⇒ =y x dy
dx2

1
2

7. Let y = (log x)log x

Taking log on both sides, we get
log y = log x log (log x)  ...(i)
Differentiating (i) both sides w.r.t. x, we get
1 1 1 1
y
dy
dx

x
x x

x
x

= ⋅ ⋅ + ⋅log
log

log (log ) = +1 1
x

x[ log (log )]

dy
dx

x
x

xx= +(log ) [ log (log )]log 1 1 , x > 1

8. Let y = cos (a cos x + b sin x)  ...(i)
Differentiating (i) both sides w.r.t. x, we get
dy
dx

a x b x a x b x= − + − +sin ( cos sin ) [ ( sin ) cos ]

= – sin(a cos x + b sin x) [–a sin x + b cos x]
= (a sin x – b cos x) sin(a cos x + b sin x)
9. Let y = (sin x – cos x)(sinx – cosx)

Taking log on both sides, we get
log y = (sinx – cos x) log(sin x – cos x) ...(i)
Differentiating (i) both sides w.r.t. x, we get

⇒
 

1
y
dy
dx

x x x x
x x

= −
+
−

(sin cos ) (cos sin )
(sin cos )

 + − +log (sin cos ) (cos sin )x x x x

⇒
  

1
y
dy
dx

x x x x= + + −(cos sin ) log (sin cos )

 × (cosx + sinx)

⇒  
dy
dx

y x x x x= + + −(cos sin ) [ log (sin cos )]1

∴ = − −dy
dx

x x x x(sin cos ) (sin cos )

× + + − >(cos sin ) [( log (sin cos ))], sin cosx x x x x x1

10. Let y = xx + xa + ax + aa

        I      II     III   IV
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I. Let u = xx   ⇒   log u = log xx

⇒ log u = x log x  ...(i)
Differentiating (i) both sides w.r.t. x, we get

⇒ 1 1 1
u
du
dx

x
x

x= 





+ log ( )

⇒ = +du
dx

u x( log )1
   

⇒ = +du
dx

x xx ( log )1
    

...(ii)

II.  Let v = xa   ⇒  logv = logxa   
⇒  logv = a log x  ...(iii)
Differentiating (iii) both sides w.r.t. x, we get 

⇒ = ⇒ = 





1 1
v
dv
dx

a
x

dv
dx

v a
x

⇒ = 





= =− −dv
dx

x a
x

x a x axa a a· · 1 1   ...(iv)

III. Let w = ax   ⇒  logw = logax

⇒ log w = x loga  ...(v)

Differentiating (v) both sides w.r.t. x, we get 

⇒ = ⇒ = =1 1
w
dw
dx

a dw
dx

w a a axlog ( ) log log  ...(vi)

IV. Let z = aa   ⇒   log z = logaa   
⇒  log z = a loga  ...(vii)
Differentiating (vii) both sides w.r.t. x, we get 

⇒ = ⇒ =1 0 0
z
dz
dx

a dz
dx

( )
  

...(viii)

∴ = + + +−dy
dx

x x ax a ax a x( log ) log1 1
 

 [From (ii), (iv), (vi), (viii)]

11. Let y x x u vx x= + − = +−2 23 3( )

where u x v xx x= = −−2 23 3and ( )

Since, u xx= −2 3

Taking log on both sides, we get

logu = (x2 – 3) log x   ... (i)
Differentiating (i) w.r.t. x on both sides, we get

1 3 2
2

u
du
dx

x
x

x x=
−

+
( ) log ( )

du
dx

x x
x

x xx=
−

+








−2 3

2 3 2 log   ...(ii)

Also, v = (x – 3)x2

Taking log on both sides, we get
logv = x2 log(x – 3)  ...(iii)
Differentiating (iii) w.r.t. x, we get

1
3

3 2
2

v
dv
dx

x
x

x x=
−

+ −log ( ) ( )

dv
dx

x x
x

x xx= −
−

+ −












( ) log ( )3
3

2 3
2 2

 ...(iv)

Now, y = u + v

So, 
 
dy
dx

du
dx

dv
dx

= +
 
=

−
+









−x x

x
x xx2 3

2 3 2 log

+ −
−

+ −












( ) log ( )x x
x

x xx3
3

2 3
2 2

 [From (ii) and (iv)]

12. Here y = 12(1 – cos t) ...(i)

x = 10 (t – sin t)  ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get
dy
dt

t t= − − =12 12[ ( sin )] sin

dx
dt

t= −10 1( cos )

dy
dx

dy dt
dx dt

t
t

t
t

= =
−

=
−

/
/

sin
( cos )

sin
( cos )

12
10 1

6
5 1

= 







 =6

5
2 2 2

2 2
6
5

22
sin / cos /

sin /
cot /t t

t
t

13. Here y x x= + −− −sin sin1 1 21

Let andu x v x= = −− −sin sin1 1 21

du
dx x

v x=
−

= −−1

1
1

2
1 2, sinand

Put x = cosq  

∴ = − =− −v sin cos sin sin1 2 1 21 θ θ

= sin–1 (sinq) = q	= cos–1x

∴ = −

−

dv
dx x

1

1 2

As dy
dx

du
dx

dv
dx x x

= + =
−

+ −

−
=1

1

1

1
0

2 2
.

14. We have x y y x1 1 0+ + + =

⇒ + = − + ⇒ + = +x y y x x y y x1 1 1 12 2( ) ( )
 (Squaring both sides)

⇒ − + − = ⇒ = −
+

( ) ( )x y xy x y y x
x

2 2 0
1  

...(i)

Differentiating (i) w.r.t. x, we get

 

dy
dx

x x
x

x x
x x

=
+ − − −

+
=

− − +
+

= −
+

( ) ( ) ( )
( ) ( ) ( )

.1 1
1

1
1

1
12 2 2
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15. (x – a)2 + (y – b)2 = c2  ...(i)
Differentiating (i) with respect to x, we get

2 2 0( ) ( )x a y b dy
dx

− + − =

⇒ − + − =( ) ( )x a y b dy
dx

0
  

...(ii)

Differentiating (ii) with respect to x, we get 

1 0
2

2

2
+ − + 





=( )y b d y
dx

dy
dx

⇒ − = − + 

















( )y b d y
dx

dy
dx

2

2

2
1

⇒ = −

+ 

















−
d y
dx

dy
dx

y b

2

2

2
1

( )
  ...(iii)

From (ii), we have

 

dy
dx

x a
y b

= −
−
−





  

Simplify further,

1 1
2 2

+ 





= + −
−
−













dy
dx

x a
y b  

= +
−
−







=
−

1
2 2

2
x a
y b

c
y b( )     

...(iv)

Also, d y
dx

c
y b

2

2

2

3= −
−( )

 [From (iii) & (iv)] ...(v)  

From (iv) and (v), we have 

1
2 3 2

2

2

3

3

2

3

+ 

















=
−

−
−

= −

dy
dx

d y
dx

c
y b
c

y b

c

/

( )

( )

which is independent of a and b.

16. We have cos y = x cos(a + y)

⇒  x y
a y

=
+

cos
cos( )

Differentiating the above equation w.r.t. y, we get
dx
dy

a y y y a y
a y

=
+ − − − +

+
cos ( ) ( ) cos ( sin ( ))

cos ( )
sin

2

=
+ − +

+
cos sin ( ) sin cos ( )

cos ( )
y a y y a y

a y2

=
+ −

+
=

+
sin ( )
cos ( )

sin
cos ( )

a y y
a y

a
a y2 2

∴ =
+dy

dx
a y
a

cos ( )
sin

2

17. Here, x = a (cos t + t sin t)
Differentiating the above w.r.t. t, we get

dx
dt

a t t t t= − + +( sin cos sin )

dx
dt

at t= cos

Now, we have, y = a(sin t – t cos t)
dy
dt

a t t t t= − − +(cos { ( sin ) cos ( )})1

dy
dt

a t t t t at t= + − =(cos sin cos ) sin

dy
dx

dy
dt

dt
dx

at t
at t

t= × = × =sin
cos

tan1

d y
dx

t dt
dx

2

2
2= ⋅sec

d y
dx

t
at t

t
at t

t
at

2

2
2

2 31= ⋅ = =sec
cos

sec
cos

sec

∴ = < <
d y
dx

t
at

t
2

2

3
0

2
sec , π

18. Case I. When x ≥ 0.

Here f(x) = |x|3 = x3,

\ f ′(x) = 3x2 and f ′′(x) = 6x.

Case II. When x < 0.

Here f(x) = (–x)3 = – x3.

\ f ′(x) = – 3x2 and f ′′(x) = – 6x.

Thus ′′ =
≥

− <




f x
x x
x x

( )
,

,
6 0

6 0
if
if

,
 

Hence  f ′′(x) = 6 |x|.

19. Let P(n) be the given statement in the problem 

P n d
dx

x nxn n( ) : ( ) = − 1
  ...(i)

Put n = 1 in (i), we get

P d
dx

x x x( ) : ( ) ( ) ( ) ( ) ( )1 1 1 1 1 11 1 1 0= = = =−

which is true as d
dx

x( ) = 1

Suppose P(m) is true

P m d
dx

x mxm m( ) : ( ) = − 1
  ...(ii)

To establish the truth of P(m + 1), we prove

P m d
dx

x m xm m( ) : ( ) ( )+ = ++1 11
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Now,  xm + 1 = x1⋅ xm

d
dx

x d
dx

x xm m( ) ( )+ = ⋅1

= ⋅ +x d
dx

x x d
dx

xm m( ) ( )
 = x⋅mxm – 1 + xm (1)

= mxm + xm = xm(m + 1)
\ P(m + 1) is true if P(m) is true.
\ By principle of induction P(n) is true for all n ∈ N.

20. We have sin(A + B) = sinA cosB + cosA sinB ....(i)
Consider A and B as function of t and differentiating 
both sides of (i) w.r.t. t, we have

cos ( ) sin ( sin )A B dA
dt

dB
dt

A B dB
dt

+ +





= −

 + 





+cos cos cos cosB A dA
dt

A B dB
dt

 + −sin ( sin )B A dA
dt

⇒ + +





cos ( )A B dA
dt

dB
dt

= − +





(cos cos sin sin )A B A B dA
dt

dB
dt

⇒ cos(A + B) = cosA cosB – sinA sinB.
21. Let the function be f(x) = |x – 1| + |x – 2|.
We redefine f(x) as :
This is continuous at all x ∈ R but not differentiable at  
x = 1, 2.

f x
x x x

x x x
x x x

( )
( ) ( );

) ( );
( ) ( );

=
− − − − <

− − − ≤ ≤
− + − >

1 2 1
1 2 2

1 2

if
( if 1

if 22





  

i e f x
x x

x
x x

. ., ( )
;

;
=

− + <
≤ ≤

− >







2 3 1
1 2

2 3 2

if
1 ; if

if

f(x) is clearly continuous at all x except possibly at 1, 2.
At x = 1

lim ( ) lim ( ( ) )
x h

f x h
→ →−

= − − + = − + =
1 0

2 1 3 2 3 1

lim ( ) lim ( ) .
x x

f x
→ →+ +

= =
1 1

1 1

Also f(1) = 1.

Thus lim ( ) lim ( ) ( ).
x x

f x f x f
→ →− +

= =
1 1

1  

Hence f(x) is continuous at x = 1.
At x = 2 

lim ( ) lim
x x

f x
→ →− −

= =
2 2

1 1

lim ( ) lim ( ) lim ( ( ) )
x x h

f x x h
→ → →+ +

= − = + −
2 2 0

2 3 2 2 3

    = 2(2) – 3 = 1.

Also, f(2) = 1.

Thus  lim ( ) lim ( ) ( ).
x x

f x f x f
→ →− +

= =
2 2

2

Hence f(x) is continuous at x = 2.
Hence ‘f ’ is continuous at all x ∈ R.

Now
if < 1

0; if 1 < < 2
2; if > 2

′ =
−





f x

x
x
x

( )
;2

Derivability at x = 1

Lf f h f
hh

′ =
− −

−→
( ) lim ( ) ( )1 1 1

0

=
− − + −

−
=

−→ →− −
lim ( ) lim

h h

h
h

h
h0 0

2 1 3 1 2

= − = −
→ −
lim ( ) .

h 0
2 2

Rf f h f
h hh h

′ =
+ −

=
−

=
→ →+ +

( ) lim ( ) ( ) lim .1 1 1 1 1 0
0 0

Thus Lf ′(1) ≠ Rf ′(1)
⇒ ‘f ’ is not derivable at x = 1.
Derivability at x = 2

Lf f h f
h hh h

′ =
− −

−
=

−
−

=
→ →− −

( ) lim ( ) ( ) lim .2 2 2 1 1 0
0 0

Rf f h f
hh

′ =
+ −

→ +
( ) lim ( ) ( )2 2 2

0

=
+ − −

= = =
→ → →+ + +
lim ( ) lim lim

h h h

h
h

h
h0 0 0

2 2 3 1 2 2 2

⇒ Lf ′(2) ≠ Rf ′(2)
⇒ f is not derivable at x = 2
Hence, f(x) = |x – 1| + |x – 2| is continuous everywhere 
and differentiable at all x ∈ R except at 1 and 2.

22. We have y
f x g x h x
l m n
a b c

=
( ) ( ) ( )

∴ =
dy
dx

d
dx

f x d
dx

g x d
dx

h x

l m n
a b c

( ( )) ( ( )) ( ( ))

+ +
f x g x h x

a b c

f x g x h x
l m n

( ) ( ) ( ) ( ) ( ) ( )
0 0 0

0 0 0

 
=

′ ′ ′f x g x h x
l m n
a b c

( ) ( ) ( )
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23. We have y ea x=
−cos 1

 ...(i)

Differentiating (i) both sides w.r.t. x, we get

dy
dx

e d
dx

a xa x=
− −cos ( cos )

1 1

 = −

−









 =

−

−

−
e a

x

ay

x
a xcos 1

1 12 2
   ...(ii)

Differentiating (ii) both sides w.r.t. x, we get

d y
dx

a
x dy
dx

y d
dx

x

x

2

2

2 2

2

1 1

1
= −

− − −

−















( )

d y
dx

a

x dy
dx

y

x
x

x

2

2

2
2

2

1
2 1

2

1
= −

− −
−

⋅ −

−

















( )

( )

( )1
1

2
2

2 2
− = − − +

−













x d y
dx

a ay xy

x
 [From (ii)]

⇒ − = − − + − ⋅











( )1 12
2

2x d y
dx

a ay x
a
dy
dx

⇒ − = +( )1 2
2

2
2x d y

dx
a y x dy

dx

⇒ − − − =( ) .1 02
2

2
2x d y

dx
x dy
dx

a y



BEST SELLING BOOKS FOR CLASS 12

Visit www.mtg.in for complete information




