Continuity and

CHAPTER

Differentiabilit >

& NCERT rocus

1. Wehave,f(x)=5x-3

Atx=0

We have f (0) =-3

LHL.= lim f(x)= lim 50-h)-3=-3
x—0" h—0

RHL.= lim f(x)=lim 50+h)-3=-3
h—0

x— 0t

Jimf@)= Tim f()= £(0)

x—0

f is continuous at x = 0
Atx=-3
We have, f(-3) =5(-3) -3 =-18
LHL. = lim f(x)= hm [5(-3—-h)-3]

x— -3~

= hhm (-15-5h-3)=_18

RHL = lim f(x)= lim [5-3+1)-3]

x— 3%
= lim (-15.+ 5/ -3)=18
lim f(x)= lim f(x)=f(-3)
x— -3 x—-3*

fis continuous at x = -3
Atx=5
f(5)=505)-3=22
LHL.= lim f(x)= lim [5(5-h)-3]
- h—0

x—5

=lim 25-5h-3=22
h—0

RHL.= lim_f(x)= lim [5(5+5)-3]

x— 5"

=1lim 25+5h-3=22

h—0
lim f(x)= lim_f(x)=f(5)
x—5 x— 5%

fis continuous at x = 5.
2. Wehave, flx)=2x*-1
RHL. = lim f(x)=lim 2(3+h)? -1
+ h—0

x—3

= lim 2(9 + 6h +h?) -
h—0

= lim (18+ 12/ +2h%) -
h—0

SOLUTIONS

= lim (17+12h+2h%) =1
h—0

LHL.= lim f(x)— 11rn 2(3- h) -1

x—3"

= lim 2(9 - 6h + h2)
h—0

= lim (18— 12/ + 2h%) -
h—0

=1lim 22 —12h+17 =17
h—0

Also, f(3) =2(3)*-1=17
. hm f(x)— lim f(x)=f(3)

x—3
Hence, the given function f(x) = 2x* - 1 is continuous at
x=3.
3. (a)Wehave, flx)=x-5
Let a be a real number, then
xlir} f(x)z%lir})(a+h)—5:a—5

lim f(x)=lim (a—h)-5=a-5

x—a~ h—0

Also fla)=a-5
lim f(x)= lim f(x)= f(a)

x—)u x—a

Hence, the given function f(x) = (x - 5) is continuous.

(b) We have, f(x)=%5

Let a be a real number, then

li x)=li
A i SR

lim f(x)= hm

1
x—a~ —»0a—-h-5 a-5

is continuous at

Hence, the given function f(x)=
all points except at x = 5.

x2-25 (x+5)(x-5)
(c) Wehave, f(x)= 15 T (+5)
flx)y=x-5

Let a be a real number, then
lim f(x)=lim (a+h)-5=a-5 and
x—a® h—0
lim f(x)=lim (a—h)-5=a-5

x—a~ h—0
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Also, fla) =a -5 = lim (4+211-3) = lim (1+2%) =1
lim f(x)= lim f(x)=f(a) =0
x—a’ x—a Thus, lim f(x)# lim f
Hence, the given function f(x) = x - 5 is continuous at x—=2" x=2"
every point of its domain. ~. f(x) is not continuous at x = 2.
(d) Wehave, flx) = |x-5] 7. Atx=-3
lim f(x)=lim [a+h-5]|=]a=5| lim f(x)= lim |x|+3=lim(|-3-h|+3
Jlim f()= lim limf)= lim [x]+3= lim (]3| 3
xlgzl f(x)—hmlfZ h-5|=|a-5| =1-3-0]+3=3+3=6
1 = —2x)= lim (-2 (-3+h
. = lim (=00 Gl
im f(x)= lim f(x)=f(a
x—at x—a~ =-2(-3+ 0) 6
Hence the given function f(x) = |x - 5| is continuous. f(=3)=1-3|+3=3+3=6.
. _ Thus, lim f(x)= lm f(x)= f(-3)
4. Given, flx)=x",ne N 3 3t
So, f (x) is a polynomial function and domain of f=R -, fis continuous at x = - 3.
lim f(x)= lim x" =n" = f(n) Atx=3
ton x—on lim f(x)= lim (-2x)= lim (-2 (3 -h))
= fis continuous atn € N. x—3" x—3" h—0
5. (i) Atx=0 =-23-0)=-6
lim f(x)= lim (x)=0 11m+f( )= lim (6x+2)— hm (6(3+h)+2)
x—07 x—0" x—3 13"
lim f(x)= lim (x)=0 6(3+0)+2=20
x>0 x>0 Thus, lim f(x)= lim f(x)
Also f(0) =0 v B 13"
Thus, lim f(x)= lim f(x)= £(0) - fis discontinuous at x = 3.
x—=0" x—0" B
Hence, f(x) is continuous at x = 0. SAtx=0
(i) Atx=1 lim )= lim o tim = fim (<1)=-1
lim f(x)= lim (x)=1 x>0 x—=0" ¥ x50 X x50
x—=1" x—=1" | x| X
. s _ lim f(x)= lim —= lim —= lim (1)=1
xll>n}+f(X)_xll>nI+5_5 x—0* f x—0t X x—»0"X x—o0t
: Thus, lim f(x)# lim f(x)
i S0 g

Hence, fis discontinuous at x = 1. = [ is discontinuous at x =0

(iii) Atx=2 9. Atx=0
lim f(x)= lim 5=5and lim = lim 5=5 x . x
x—=2" = x—=2" x—2" fe)= x—2% lim f(x)= lim —= lim — [ x<0]
x—0" x>0~ X[ x50 (-%)
Also, f(2)=5
Thus, lim f(x)= hm f(x)=£(2) = lim (-1)=-1
x—27 —2* x>0
f(x) is continuous at x = 2. lim f(x)= lim (-1)=
. . . x—0* x—0"
6. For x < 2, the function f(x) = 2x + 3 is polynomial
hence continuous. Also f(0) = -1
For x > 2, the function f(x) = 2x - 3 is polynomial, hence  Thus, lim f(x)= hm f (x) =£0)
continuous. x=0
For continuity at x = 2 = fis continuous at x =0
hHZ‘_ f(x)= 111121 (2x+3)= hm 22-h)+3 10. We observe that fis continuous at all real numbers
C lim4— 20+ 3)= im (7~ 20) =7 x<landx>1
hl_%( * )_ = ( )= Now, continuity at x = 1
lim f(x)= lim (2x 3)—hm 2(2+h)-3] hm f(x)= lim (x+1)—hm(1+h)+1 2
x—2F x—2" -0 x—1t x—1t -0
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lim f(x)= lim (x +1)—hm(l h)

x—>1" x—1"
=lim(1-2h+h%)+1=2
h—0
Also f(1) =
lim f( )= lim fx)= (1)

f(x) is continuous at x = 1 and all points.
11. We observe that fis continuous at all real numbers
x<2andx>2,
Now, continuity at x = 2
lim f(x)= lim (x?+1)=1lim(2+h)?+1
x—2" x—2" h—0

= lim (4+4h+h?)+1=5
h—0

lim f(x)= lim (x®-3)= Jim (2.- hy? -3

x—=2" x—2"
= lim (8= 12k + 6h% —h%)-3=5
h—0
Alsof(2)=8-3=5
lim f(x)= lim f(x)=f(2)
x—2" x—2*

f(x) is continuous at x = 2 and all points.

A0-1, if x<1
12, f=y ,
X<, if x>1
Atx=1
LHL.= lim f(x)= lim (x'°-1)
x—1" x—1"
= lim (1-h)"* -1)=0
Jim ((1=h)™=1)
RHL.= lim f(x) = lim x2
x—1" x—1F
= lim (1+h)?
h—0
= lim(1+h%+2h)=1
h—0
LHL. #RHL.

= fis discontinuous at x = 1.

13. We observe that fis continuous at all real numbers
x<landx>1.
Now, continuity at x =1

hm f(x)=lim (x-5)=Ilim(1+h-5)

xo17 x—1t h—0

=lim (h-4)=-4
h—0
lim f(x)= lim (x+5)=1lim(1-h+5)
x—1" x—=1" h—0

=lim (6-h)=

h—0
Thus, lim f(x)z lim f(x)
x—1" x—1"

f(x) is not continuous at x = 1.

14. Atx=1
lim f(x)= lim 3=3 and

x—1" x—1"

Lim f(x)= Lim 4=4
x—1* x—1*

LHL.#RH.L.atx=1
Atx=3

lim f(x)= lim 4=4 and
x—3" x—3"

lim f(x)= lim 5=5

x—3" x—3"
LHL.#RH.L. atx = 3.
*. Function is not continuous at x =1 and 3.
15. Atx=0
LHL=lim f(x)= lim 2x= hm 2(0 h)=0

x—0" x—0"
RHL.= lim f(x)= lim 0=0

x—>0+ x—0"
Also f(0) =

-~ LHL.= R.H.L. = f(x)

So, f(x) is continuous at x =0

Atx=1

LHL.= lim f(x)= lim 0=0
x—1" x—>1"

and RH.L. = lim f( )= lim 4x= hm 4(1+h)

x—1F x—1"

= lim4+4h=4
h—0

LHL.#RHL.
So, f(x) is discontinuous at x = 1.

16. Wehave, f(-1) =-2
RHL.= lim f( y=lim2(-1+h)=-2
h—0

x—-1"

LH.L.= lim f(x)—hm( 2)=

x—-1"
Also f(-1)=-2
tim ()= lim () =f-)

Hence, f(x) is continuous at x = -1.
Atx=1
RHL.= lim f(x)= lim (2)=2
x—1* x—1"
LH.L= lim f(x)— hm 2(1 h)=2
x—1"
Also f(1) =2(1) =
lim f(x)= hm f(x)

x—1" x—1

f

Hence, f(x) is continuous at x = 1.

17. Atx=3
lim f(x)= lim (ax+1)=Ilim(a(3-h)+1)
= h—0

x—3" x—3

=lim 3a—ah+1)=
h—0

3a+1



4
lim f(x)= lim (bx+3)= hm (b (B3+h)+3)
x—3* x—3*
=lim (3b+bh+3)=3b+3
h—0

Alsof(3)=3a+1
Thus, lim f(x)= lim f(x)= f(3)
x—3" x—3*
= 3b+3=3a+1 = 2=3(@-b)
2
= a—b:E =a=b+=
3 3

18. Since f(x) is continuous at x =0

() LHL. = lim f(x)=lim l(x —2x)

x—0" x—0"
=M0-0)=0
RHL.= lim f(x)= lim (4x+l) 4(0)+1=1
x—0* x—0*
Also, f(0) =0
LHL.#RH.L.

For no value of 2, f{x) is continuous at x = 0.

(i) Atx =1

lim f(x)=lim(4x+1)= f(1) for any value of A.
x—1 x—1

Hence, fis continuous at x =1 for all values of A.
19. Letne L

Then lim [x]=n-1
X—n
[ [x]=n-1V xe[n-1,n]
and g(n) =n-n=0.[. [n] =n because n € I
Now,

lim g(x)= lim (x—[x])= lim x- lim [x]
x—n x—n x—n- x—n"
=n-m-1)=1
and lim+ Q(x)= lim+(x—[x])

X—n xX—n

= lim x— lim [x]=n-n=0
xont  xont

Thus lim g(x)# lim g(x).
x—-n x—n"
Hence ‘g’ is discontinuous at all integral points.
20. Atx=m
hm flx)= hn}) (m+ h) —sin(nw+h)+

x—)n

= lim [ (12 + 12 + 2mh) + (sin 7+ 5) | = [n2 + 5]
h—0

= lim f(x)=lim (n—h)? —sin (n-h)+5

X—on h—0

= lim 24 h%-2nh)-sinh+5 =n2+5
h—0

fim) =72+ 5
RHL. =LHL. =fir)

Function is continuous at x = 1.
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21. (a) Let a be an arbitrary real number then
fla) = sina + cosa

lim f( )—}Illg}) [sin (a + h) + cos (a + h)]

~ lim {(sina cos h + cosasin h) + (cosa cosh - sina sinh)}
h—0

= sina cos0 + cosa sin0 + cosa cos0 - sina sin0
= sina(1) + cosa(0) + cosa(1) - sina(0)
= sina + cosa
lim f(x)=lim [sin(a—h)+ cos(a—h)]
x—a h—0

= lim [(sina cosh — cosasinh) + (cosa cosh + sina sinh)]
h—0

= sina + cosa
lim f(x)=f(a)= lim f(x)

= f(x) is continuous at x = a.

f(x) = sinx + cosx is everywhere continuous.

(b) Leta be an arbitrary real number then
fla) = sina - cosa
lim f(x)=lim sin(a +h)—cos (a+h)
x—a h—0

= lim {(sina cos I + cosa sin h) - (cosa cosh - sina sink)
h—0

= sina cos0 + cosa sin0 - cosa cos0 + sina sin0
= sina(1) + cosa(0) - cosa(1) + sina(0)

= sina - cosa
lim f(x)= lim[(sin(a—h)—cos(a—h)]
x—a~ h—0

= lim [(sina cosh —cosasinh) - (cosa cosh + sina sin/)]
h—0

= sina - cosa.
lim f(x)= lim_f(x)= f(a)

= f(x) is continuous at x = a.
So, f(x) = sinx - cosx is everywhere continuous.
() Leta be an arbitrary real number then
f(a) = sina cosa
lim f( )= lim[sin(a+h)cos(a+h)]
h—0

x—)a
= }lllm [(sina cosh + cosa sinh) (cosa cosh - sina sinh)]
—0

= sina cosa.

lim f(x)= Ilii)l})[sin(a —h)cos(a—h)]

x—a

= lim [(sina cosh - cosa sinh)(cosa cosh + sina sin/)]
h—0

= sina cosa
» lim f(x)= lim f(x = f(a)

= f(x) is continuous at x = a.

So, f(x) = sinx - cosx is everywhere continuous.
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22. (a) f(x) = cosx. Clearly, domain of f= R
Let a be an arbitrary real number, then
fla) = cosa
Now, lim f(x)= lim cos(a—h)
x—a_ h—0

= lim (cosa cosh + sina sink) = cosa
h—0

lim f(x)=lim cos(a+h
lim, f(x)= fim cos(a-+1)

= lim (cosa cosh - sina sinh) = cosa
h—0

lim f(x)= lim f(x)= f(a)
x—a x—at
f(x) = cosx is continuous at a for alla € R
Hence cosx is continuous.

(b) flx) =cosecx = f(x)=

sinx
and domainof f=R - {nn}, ne Z

Also, f(a)=—
sina
lim ——=lim —
x—sat sinx  h—0sin (a+h)
. 1
= lim — -
h—0 sina cos h + cos a sin h
B 1 1 1
sina(l)+cosa(0) sina+0 sina
. . 1
lim f(x)=lim ———
x—a h—0 Sln(a_h)
1 1

= lim — — = —
h—0sinacosh—cosasinh sina

Thus cosec x is continuous except for x = nn, neZ.

1
cosx

(©) flxy=secx = f(x)=

Clearly, Domain of f =R — {(211 +1) g, ne I}

1
cosa

Also, f(a)=

Iim f(x)=lim ———
x—a® ) h—0 cos (a+h)

. 1
= lim - -
h—0 cosacosh—sinasinh

1
~ cos acos0—sinasin0
_ 1 1
cos a(1) —sina(0) cosa

lim f(a)=lim ———
x—a- h—0 cos(a—h)
. 1 1
= lim — =
h—0cosacosh +sinasink cosa

lim f(x)= lim_f(x)= f(a)

x—a —a’

Thus sec x is continuous except for
T
x=Q2n+1) E,neZ

(d) f(x)=cotx

1 .
flx)= and Domain of R —{nn},nel
tanx
lim f(x)=lim ————
x—at h—0 tan (a + h)
i 1 ~ 1 11
hoo tana+tans = tana+0 =~ tana tana

1-tanatanh 1-tanatan0 1-0

lim f(x)= lim ——
x—a~ U h—0 tan (a —h)
= lim L _ 1
T pL0 tana-tanh T tanag
1+tanatanh

Thus, cot x is continuous except for x = nm, n € .

23. Atx=0,£0)=1

LHL= lim f(x)=lim S0 _q
¥—0" h=0 -

RHL.= lim f(x)=lm (h+1)=0+1=1
x—0" h—0

lim f(x)= lim_f(x)=f(0)

x—=0" x—=0
fis continuous at x = 0

When x < 0, sinx and x both are continuous.

X . .
is also continuous.

x

When x > 0, f(x) = x + 1 is a polynomial.
fis continuous.

= fisnot discontinuous at any point.

24. Wehave f(0) =0

x—0" -h  h—0

But sin%e[—l, 1] = n? sin%—>0ash—>0.

lim f(x)= lim (0—h)? sin L tim (—hZ sinl)
h—0 h

lim f(x)= lim (0+h)?sin+ = lim (hz sin%): 0

x—0" h—0 h—0
= lim f(x)= lim f(x)=f(0)
x—0" x—0*

= fis continuous at x = 0.

25. We have
lim f(x)=lim sin (0—h)—cos (0—h)
- h—0

x—0

lim (-sinh—cosh)=-(0)-1=-1
h—0
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lim f(x)=lim [sin(0+h)—cos(0+h)] lim f(x)= hm k(r—h)+1=kn+1
x—0" h—0 x> -0
= Illm (sinh—cosh) =0-1 fim)y=kn+1
_) . . . . . —
Also, f(0) = -1 Since, the given function is continuous at x =7
R b = 1i T
lim f(x)= lim f( )= £(0) xin; f(x)= x_l;l:— f(x)=f(m)

x—0 x—0"

fis continuous at x = 0. kn+1l=-1= kn=-
At x <0, f(x) = sinx - cosx is continuous )
At x>0, f(x) = sinx - cosx is also continuous = k= T

f(x) is continuous at all x € R. 29. lim f(x)= lim (kx+1)
26. Since the function is continuous, then x—5" x—5"

n =lim(k(5—h)+1) =k(5-0)+1=5k+1
k cos (f - h)
lim  f(x) = lim ——=—= lim f(x)= lim (3x~5)= hm (3(5 +h)-5)

x—)(E) h=0 Z(g—h) x—5% x—5"

2 -3(5+0)-5=10

ksinh f(5) =5k +1
= m———- . .
h—0T—7+2h For continuity at x =5,
ksinh _k sinh  k lim f(x)= lim f(x)=f(5)
—lim == x—5~ x—5%

= Im ———-—-
T hs0 2h 2h>0 h 2 9
5k+1=10= 5k=9 = k=g.

k cos (— + h) ksinh ] ) )
lim  f(x)=lim 2 - lim —X5m 30. Since fis continuous at all x,
x—>(5) h=0 o 2(5 " h) h—0 —2h . fis continuous at x = 2, 10.
2 2 Atx=2
k.. sinh k lim f(x)= lim (5)=5
) hl_r)r}) ho 2 x—2" x—2"
lim f(x)= lim (ax+b)

Also f(E)z 3 x—2F f x—27"

For continuity at x =g, - ;lllﬁf(‘)(“(z th)+b)=a2+0)+b=2a+b

i y T Also, f(2) =5.
m; _fx)= m; + f&)=f 2 For continuity, lim f(x)= lim f(x) f(2)
x— 5 x— ) x—2" x—2"
= 2a+b=5 (i)
= k=3 =k=6 Atx=10
2 Hm f(x)= lim (ax+D)
27. We have, f(2) = 4k. x—10" x—10"
lim f(x)=1im3=3 =lim (a(10-h)+b)=a(10-0)+b=10a+b
x—2" h—0 h—0
. . 5 lim f(x)= lim (21)=21
lim f(x)=lim k(2—-h)" =4k h—10* h—10*
x—27 h—0
) Also, f(10) =
For continuity at x = 2,
. . For continuity, lim f(x)= lim f(x)= f(10)
lim f(x)= lim f(x)=f(2) 10 510"
x—2 X2 = 10a+b=21 ...(ii)
4k=3= k= 3 ) Subtracting (i) from (ii), we get
8a=16=a=2.
28. xlier f0= }lll_r:})f(n +h) Putting a =2 in (i), we get
= lim cos (n+ )= lim (~ cos h)=—cos (0) =1 22)+b=5="b=5-4=1

h—0 h—=0 Hencea=2,b=1.
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31. Letf(x)= cos(x?). Domain of f=R.
Let a be any arbitrary real number.

lim f(x)=lim cos(a— h)2 = cos
x—a h—0

lim f(x)=lim cos(a+h)2 = cosa?
+

x—a h—0
Also f(a) = cos a*
Thus, lim f(x)= lim f(x)=f(a)VaeR.

x—a x—a’

x) = cos(x?) is continuous ata V a € R.
f) (

32. We know that cosine function is every where
continuous and also modulus function is continuous.
Therefore |cos x| is everywhere continuous.

33. Letf(x) = |x| and g(x) = sinx. Then

(©0N() = glft)] = g(lx ) = sin | x|

Now, f and g being continuous, it follows that their
composite (gof) is also continuous.

34. We have

[—(x)=[-(x+1)], if x<-1
fx)=9 —(x)-(x+1), if -1<x<0
| (x)—-(x+1), if x=0
[ 1, if x<-1
f(x)=4-2x-1, if -1<x<0
L _1/ lf x>0
Atx=-1
lim f(x):l
x—>-1"
lim f(x)=lim(-2(-1+h)-1)=1
x—>—1+f() heo( ( =D

f-1)=-2(-1)-1=1
Thus, lim f(x)= lim f(x)= f(-1)
- x—-1"

x—-1

= fis continuous at x = -1

Atx=0
lim f(x)= lim (2x-1)
x—0" x—0"

= lim (-2(-h) ~1)=-1

lim f(x)=-1
x—0*

Also, f(0) =-1
Thus, lim f(x)= lim+ f(x)= f(0).

x—=0" x=0
fis continuous at x = 0.
Also, f being a constant, is continuous when x < -1 or
when x > 0.
fis continuous for all x € R
Hence, there is no point of discontinuity.

1. Lety=sin(x*+5)
d—y:isin(x2+5):cos(x2+5)i(xz +5)
dx dx dx

= cos(x* + 5) (2x + 0) = 2x cos(x* + 5).
2. Lety = cos(sinx)
ay -4 cos (sin x) = — sin (sin x) L sin x
dx dx

= - sin(sinx) cosx.
3. Lety=sin(ax +b)
d—y:isin(ax+b):cos(ax+b)i(ax+b)
dx dx dx

= cos(ax + b) (a + 0) = a cos(ax + b).

4. Lety=secf{tan (\/;)}

%:dixsec (tan \/;)

=sec (tan Jx ) tan (tan Jx ) di tan \/x
X

=sec (tan \/;) tan (tan \/;) sec® \x %(\/;)

1

1
= sec (tan /x) tan (tan v/x) sec? \x - % x2

= sec (tan v/x) tan (tan V/x) sec? Jx - %
sin (ax +b)

. Lety=
> < cos (cx +d)

dy _ d ( sin(ax +b)
dx  dx\ cos(cx+d)

cos (cx + d) di sin (ax + b) — sin (ax + b)
x

A cos (cx +d)
dx

cos? (cx +d)

_acos(cx +d)cos(ax +b) + ¢ sin(ax + b)sin(cx + d)
cosz(cx+ d)

=q cos (ax + b) sec (cx + d) + ¢ sin (ax + b)
tan (cx + d) sec (cx + d).

6. Lety = cosx’sin’(x’)
% = % [cos x3- sinz(xS)]

= cos x° L sinz(xS) +sin? (x5) L cos x°
dx dx
=cos x° - 2sin (x5) di sin (x5) + sin2(x5)
x

(—sinx3)d£x (x3)
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Hence f(x) = [x] is not differentiable at x = 1.
=cos x> - 2sin (x5) cos (x5) dix(xE’) + sin®(x°)(-sinx’) (3x?) Atx = ch

= cosx - 2sin(x”) cos(x”) (5x*) - sin®(x’) sinx’ - (3x%) RF/(2) = f(2 +h) = £(2)
=10x" cosx” sin(x) cos(x’) - 3x” sin®(x°)sinx’. h
[ . [2+h]-[2] [~[2+h]=2
7. Let y=24/cot(x? = lim [2+n-[2]
Y ) _1 h—0  h [ [2]=2
dy 2—\/C0t(x )= 2 Cot(x : Cot(xz) 2_2
X —=0
1 2.2y 4 2 h
=———{~cosec” (x7)} ——(x7) , L f2-1)-f(2)
Jeot(x?) dx Lf' (@)= lim FE =SS [ [2-hl=1,[2]=2]
2,2 —hl-
=#'{—COSGC2 (xz)}(zx)z—ZxLec(x) = lim w
cot(xz) \cot (xz) h— —h
) 1 ﬁ
= 2x 2% 2 = 2 0
sin- X ‘/COSX sin xz\/sin x? \/COS x2 o RfF(2)#Lf'(2)
sinx? Hence, f(x) is not differentiable at x = 2.
. PP EXERCISE 5.3
sinx? \/2 sinxZ cosx2 sinx2 \/sin 2% . . .
1. We are given that 2x + 3y = sinx ..(i)
8. Let y=cos ( Jx ) Differentiating both sides of (i) w.r.t. x, we get
dy dy cosx—2
B - D os(x) = sinVx--- () T T T s
dx dx dx
ind 1 (x)—? _ —sin Jx 2D » We > give.n ;ha}’i 2?cd+ 3y = siny (i)
3 —2 Jx ifferentiating (i) both sides w.r.t. x, we get
9. Wehave 2+3 jy =cosy jy
fly = 1x-1] i
f)=11-1] =0 s ocosy @ My 2
- IR dx  dx dx cosy-3
RF’(1) = lim f(1+h) f(l):hm|1+h 1]-0 y
h—0 h h—0 h 3.  Weare given that ax + by? = cos y (i)
[h| h Differentiating (i) both sides w.r.t. x, we get
lim — =lim —=1 and
h50 b k0 h a+b[2y dy} Smydy
_h)- —h-1]- d a
L= tim LA S 112h=1]-0 x
h—0 —h h—0 —h dy dy
= a+ 2by + sin Urm =0
. |=h] h
%ml Pl %1 =" 1
-0 — -0 -
—y[2by+siny]:—a=> 4y :—a.
Thus Rf’(1) # Lf’(1) dx dx  2by+siny
This shows that f{x) is not differentiable at x = 1. 4. Weare given that xy + y* = tanx + (i)
10. Atx=1, Differentiating (i) both sides w.r.t. x, we get
m LAtm =) d d d
Rf(1 Ja+n-jd) dy dy_ 2 .y
f'(1) = h 0 n xdx+y+2y I sec x+dx
. [1+h]-[1]
=lim ————=0  [1+h]=1 and [1]=1 dy dy dy _ 2
o I [ [ ] (1] ] = xa+2 E—E—sec xX—-y

Y iy LA =) = f(1)
and Lf’(1) ;lllg}) _n Z—y[x+2y—1]=sec2x—y
i 121011 x
_hao —h -
Thus, Rf’(1) #Lf'(1) dx  x+2y-1

2

[ [1-h]=0 and [1]=1] dy sec”x—y
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5.  We are given that x* + xy + 1 = 100 (i) 3 3
Differentiating (i) both sides w.r.t. x, we get 10. We are given that y= tan~L ( X- x2 ]
1-3x
2x+xd—y+y+2y y =0 .
Putting x = tanf, we get
= %[x+2y]:—(2x+y) y:tan_l 3tan9—tan36
p @ | 1-3tan’0
y_—ex+y
= ——=——<7 - -1
A (x+2y) = y=tan (tan 30) . .
) = y=30 = y=3tan"x [ x=tand = O=tan «]
6. We are given that p 3
Y _
x3+x2y+xy2+y3= (1) E_1+x2.
Differentiating (i) both sides w.r.t. x, we get 2
-1 -
11. Weare given that ¥ = c0s [ > J, where0<x<1
3x +x2 dy y(2x)+y2+x(2y dy)+3y2 Y-0 T+x

Putting x = tan, we have

= d—y[x2+2xy+3y2]:—(3x2+2xy+y2) ) 1—tan’0
X y=cos | ———— | = y=cos(cos26)

. d_yz—(3x2+2xy+y2) 1+tan”@

v x? +2xy+3y2 = y=20
7. We are given that _ 1 dy 2
smy+cosxy k ..(i) = y=2fanx = A 1+ x2

Differentiating both sides w.r.t. x, we get

1-x
12.  We are given that y = sin™" ( 5 J

.ood . d
251nya(smy)+(—sm xy)a(xy)=0 T+x

Putting x = tanf, we get

= 2sinycosyd—y+(—sinxy)[xd—y+y]=0 1—tan2 @
dx dx y= sin! | = 7 | = = sin"(cos26)
dy dy 1+tan?0
= 2sinycosy———xsinxy —=—ysinxy=0
dx dx
d T | . T _ _ T _
Yim . . _f- = y=sin " q{sin|=-20 |y = y=—-20
= d—[2smycosy—xsmxy]—ysmxy 2 2
x
dy y sin xy n d 2
= 4= — - = -1 _y =0-
dx sin 2y —xsin xy :>y_2 2tan "x = dx—O 14 12
8. Weare given that sin’x + coszy =1 ..(i) dy 2
Differentiating (i) both sides w.r.t. x, we get = 1422
2sinx i(smx) +2cosy i(Cosy) = 2
dx dx 13. We are given that y = cos™ ( 5 )
2si +2 —sin) Y —o 1+x
= 2sinxcosx+2cosy(=siny) dx Putting x = tan0, we get
dy  sin2x
dr  sin 2y y=cos | Lﬂg = y=cos | (sin 26)
1+tan”6
. 1| 2x
9. Weare given that y =sin
g / (1+x2J :>y:cos_l{cos(g—Ze)}:y:g—29

Putting x = tan0, we get
= y—E—Ztanflx = y___2
y= sin”! (ﬂ] = sin™! (sin26) 2

dx 1+x2.

2
1+tan“6
14. We are given that y = sin™" (2xV1- x?)

=20=2tanx
Ldy 2 Putting x = sinb, we get y = sin_l[Z siny1-sin? 0]
dx 142 = y=sin"(sin20) = y =20
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y=251n'1x = ﬂ: -
dx 1-x2
1
15. We are given that y = sec™ 242 _1

Putting x = cos0, we get

y= sec”! (+J
2cos”6-1

= y=cos'(2 cos’0 - 1)

11 —
“oseC T —=cCoSs
X

=y =cos(cos 26)
= y=20 = y=2cos'x
SN —
dx 1-x2
X
1. Lety= .e
sinx

dx dx|sinx Sin2 X

d_yzi( o~ stinx;x(ex)—exzc(sinx)

sinx-e¥ —e*-cosx e*(sin x — cos x)

sin? x sin® x
o1
2. Let y=¢"" 7"
A -
d_yzi(esm x)zesm x i(sinilx)
dx dx dx
=esin’lx. 1
1-x2
3
3. Lety=e"
3 3 3 3
L N L B S

dx dx dx
4. Lety=sin(tan™ ¢™)

W _ 4 Gin(tanl(eY)

dx dx
= cos (tan"! ¢7¥) dii(tan_l(e_x )
= cos (tan! ¢7¥)- ;2 RLIE
(1+e%) dx
1 —x -
=cos(tan " e ") ————
(1+eh)
5. Lety=log(cos ¢’
ﬂzilog (cose*) = i(cos e*)
dx dx CcOS ex dx
_ 1 -(—sin ex)i (e“)=—tane*-e*
cos e* dx
= -¢" tan ¢*

= ,x#¥nn, ne”Z
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2 3
6. Lety=e'+e" +¢" +... s
2 5
Z_z:dix(EXJrex Fotet)
d o oxy, @ 220 d 3 od oyt d S
=—(e")+— +— +— +—
)T (e ) k(e ) (e )r ()

2 3 4 5
=e* +e¢¥ (2x)+e" Bx?)+e* (4x°)+e (Bat)

2 3 4 5
=" +2xe" +3x% " +4x3 ¥ +5x% "

7. Let y=\/€ﬁ

1
dy _d [ Jx_d Jeyp_ 1, xh 4 e
dx  dx ¢ _dx(e ) _2(6 ) dxe
1
I N (RN SRV SN ol SNC I Vo BN I /)
5 (@) 2= S () e ()
Jx
=% x>0

4\¢x-e‘/;

8. Lety=log(logx),x>1

dy d d
dx dx 0g (logx) (logx) dx(ng)
h 1 &y !
logx x xlogx'X>1
COS X
Let y=
% <Y log x

d d
dy d (COSXJ_logxdxcosx—cosxdxlogx

dx  dx log x (log x)2

. 1
~ log x (=sin x) - cos x(;) B sinxlogx+%cosx
= 5 =—

(log x) (10gx)2

— (xsinxlog x + cosx
= ( 8 ),x>0

x(logx)2
10. Lety = cos(log x + ¢%)
W _ 4 s (log x +¢€¥)
dx dx

:—sin(logx+ex)%(logx+ex)

=—sin(log x + ex)|:1+ex:|
x

= —(l+ e* )sin(logx+ e¥), x>0
x

1. Lety=cosx-cos2x-cos3x

Taking log on both sides, we get

= logy=log(cos x - cos 2x - cos 3x)
Then, log y = log(cos x) + log (cos 2x) + log(cos 3x)

(i)
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On differentiating (i) both sides w.r.t. x, we get

LA 1 Ceinx)+—(=sin2x)(2)
y dx cosx cos 2x
1 .
+ (—sin 3x) (3)
cos 3x
= ld—y=—tanx—2tan2x—3tan3x
y dx
. ;l_y =—cos x-cos2x-cos3x (tanx + 2 tan2x + 3 tan3x)
X
2 Let y= |—&-D(G=2) (i)
(x=3)(x—4)(x-5)

Taking log on both sides of (i), we get
logy:%[log (x=1)+log (x —2) —log (x - 3)
—log (x —4)—log (x —5)] -.(ii)

Differentiating (ii) on both sides w.r.t. x, we get

1 dy 1[ 1 1 1 1 1 ]
= — == + - - -
y dc 2[{(x-1) (x-2) (x-3) (x—4) (x-5)

dy 1| (x-1)(x=2)
Cdx 2\ (x=3)(x-4)(x-5)

1 N i1 11
(x-1) (x-2) (x=3) (x—4) (x-5)

3. Lety= (logx)°* (i)
Taking log on both sides of (i), we get
log y = cos x log (logx) ...(ii)
On differentiating (ii) both sides w.r.t. x, we get

Ldy _

——==cos x 4 log (log x) +log (log x) 4 Cos X
y dx dx dx

=Cosx- L 1+10g(10gx)(—sinx)
X x

=% _sinx log (log x)
xlog x

dy cosx| €cosx .

—=(log x —— —sinxlog (log x
7~ (logx) *log x g (log x)
4. Lety=x"-25™

= y=u-v,whereu = x* and v = 25,
Differentiating both sides w.r.t. x, we get

LAy _du do ()
dx dx dx
Now, u =x*

Taking log on both sides, we get
logu = x log x

= ———x1+10 x
u x &

= @:xx[1+logx]
dx

and v = 25™
Taking log on both sides, we get
log v = sinx log 2

= l@=10gZ(COSJc)
v dx
@zzsinx
dx

From (i), (ii) and (iii) we get

(cosx-log?2)

Z_y =x"[1+ logx] - ZSinx(Cosx -log2)
X

5. Lety=(x+3)%(x+4)(x+5)*

Taking log on both sides, we get

log y =log[(x +3)* (x + 4)° (x + 5)"]

logy =2log (x +3) + 3 log(x + 4) + 4 log (x + 5)
Differentiating (i) w.r.t. x, we get

ldy _ 1 1 4 1

2. +3- +
(x+3) (x+4) (x+5)

y dx
2 3
+

...(iii)

N0

= d—y—(x+3)2-(x+4)3-(x+5)4[

dx x+3 x+4

i% = (x +3) (x + 4)% (x + 5)° (9 + 70x + 133)
X

1
1 X (1+7)
6. Lety:(x+—) +xv Y =u+o,

x

1
1Y (1+7)
whereu=(x+—) andv=x x

X

Differentiating the above w.r.t. x, we get
dy _du  do
dx dx dx

1 X
Now, u=(x+—)
X

Taking log on both sides, we get
1

= 10gu=xlog(x+—)
X

Differentiating (ii) w.r.t. x, we get
1du =xilog (x +1)+log(x +1J(1)
x x

u dx dx

=% [1—%)+10g(x+1)
e iUox X

X
du 17| «x 1 1
= —=[x+— 1-— |+log|x+—
dx )1 x x

1+—

1)
Also, v=x\ *

4
+ .
x+5:|

()
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Taking log on both sides, we get

= 1ogv=(l+l)logx . (iv)
X

Differentiating (iv) w.r.t. x, we get

1dv 1)\d d 1
1+—|—logx+logx—|1+—
vdy x ) dx dx X
1)1 1
=[1+—[—+1 -—
( x)x ng( sz

%:x(l+i)[(l+%)%+logx(;—;ﬂ (V)

Substituting the value of (iii) and (v) in (i), we get

X
dy (x+1) el (1— 1)+10g(x+1)
dx X x+1 x x

X

L g (2)

7. Lety=(logx) +x% =y +0,
where u = (logx)*and v = x'°8*

Differentiating y = u + v w.r.t. x, we get

dy_du dv ..(i)

dx dx dx

Now u = (log x)*

Taking log on both sides, we get

logu = x log(log x) ...(ii)

Differentiating (ii) w.r.t. x, we get

3{ Zz =x di log (log x) +log (log x)

=X-

— + log (log x)
log x x

1
+1 1
M og (log x)

= (log x)" {% +log (log x)} ..(1ii)

Also, v = x1°8%

Taking log on both sides, we get

log v = logx log x = (log x)? ~(iv)
Differentiating (iv) w.r.t. x, we get

1 dv

1
% 91 -
v dx ng

dv_ logx [M} ()
dx x

dy = (log x)* {L +log (log x)]
dx ogx

. Jlogx [M} [From (i), (iii) and (v)]

X
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8. Lety=(sinx)"+ sin 'x =u+o,

where u = (sinx)*and v =sin"'\/x

Differentiating y = u + v w.r.t. x, we get
dy _du dv (i)
dx dx dx

Now, u = (sinx)”

Taking log on both sides, we get

logu = x log sin x --o(if)

Differentiating (ii) w.r.t. x, we get

1 du xi(lo sinx) + log sin x
WA dx 8 &

=X-

——-cos x +log sin x
sin x

= xcot x + log sin x
du

o (sin x)* [xcotx + log sin x] ...(iii)
x
Also, v= sin~ ! Jx (iV)
Differentiating (iv) w.r.t. x, we get
do__1 1 (V)
dx  [J1-x 2Jx

dy

= (sinx)* [x- cotx +log sin x] + 1 1
dx & fi-x 2Jx
[From (i), (iii) and (v)]

sinx and

9. Lety ="+ (sinx)™% = 4 + v, where u = x
v = (sinx)“**.
Differentiating y = u + v w.r.t. x, we get
dy _du  dv
dx dx dx
Now, u = x*"*
Taking log on both sides, we get
log u = sinx log x .. (if)
Differentiating (ii) w.r.t. x, we get
= Ldu_ =sinx d—(log x)+log x d—(sm x)
u dx

. 1
=sin x-—+log x cos x
x

d_u _,Sinx [Sln X
dx

Also, v = (sin x
Taking log on both sides, we get

+log x cosx] -..(1i)

)COSX

log v = cos x log sin x ...(iv)
Differentiating (iv) w.r.t. x, we get

1 do d d
— —=cos x — log sinx +log sin x — cos x
v dx dx dx

=COS X —
sinx

= cos x cot x - sin x log sin x

cosx +logsin x (—sinx)
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? = (sin x)“°* ¥ [cosx cot x — sin x log sin x] (V)
x

Substituting the values of (iii) & (v) in (i), we get

ay = xSin ¥ [ﬂ +log x cos x]
dx x

+ (sin x)°*** [cos x cot x - sin x log sin x]

2
+1
10. Let yzxxcosx+x—=u+vl
2
x -1
x2+1

where u = x** %Y andv=

2
x° -1
Differentiating the above w.r.t. x, we get
dy _du N dv ..(d)
dx dx dx
Now, u = x*“~

Taking log on both sides, we get
logu = x cosx logx ...(ii)
Differentiating (ii) w.r.t. x, we get

1d—u—xcosxi(lo x)+xlo xicosx
u dx dx 8 8 dx

d
+ 1 —
cos x log x —— (x)

1 du 1 .
——=xcos x-—+xlog x (—sin x) + cos x log x
u dx x

= cos x - x sin x log x + cos x log x

du .
d—zxx €08 ¥ [cos x — x sinx log x + cos x log x]
x

...(iii)

2
x“+1 . (iv)
%1

Differentiating (iv) w.r.t. x, we get

Also, v=

w_ (x? -1){%@2 +1) - (22 +1)£(x2 -1)

dx (x2-1)?

_ (=1 (2x) - (¢* +1) (2%)
(x* - 1)

=2x[x2—1—x2—1]= —4x (V)
(x* -1)? (x*-1)

Substituting the values of (iii) & (v) in (i), we get
d_y X COS X [

=X

cos x — x sin x log x
dx

4x

+cos xlog x] - ———
Sy

11. Lety = (x cosx)* + (x sinx)"/* = u + v, where
u=(xcosx)'and ,v=(x sinx)l/x

On differentiating above w.r.t. x, we get

o Ay _du do

dx dx dx -

13

Now, u = (x cos x)". Taking log on both sides, we get
.. (if)

log u = x log (x cosx)
Differentiating (ii) both sides w.r.t. x, we get

l d_u = xi log (x cos x) + log(x cos x)

u dx dx

=x ! i(x cos x)] +log (x cos x)
| x cos x dx

1 d
=x x —cos x +cos x |[+log (x cos x)

X COS X X

1

XCOs x

=X

(x (—sin x) + cos x)] +log (x cos x)

= secx (cosx - x sinx) + log(x cosx)
=1 - x tanx + log(x cosx)

% =(x cos x)* [1 - x tan x + log (x cos x)] ...(iif)
Now, v = (x sinx)'/*

Taking log on both sides, we get

1
log v==log (xsin x
g g( Sl ) ...(i )

Differentiating (iv) w.r.t. x, we get

ldv 1d

P log (x sin x) +log(x sin x) dix(%)

1 1

= ~i(xsinx)+log(xsinx)' —
x xsinx dx x2

— [x 4 (sin x) + sin x] _ log (x sinx)

x2

x? sin x X
1 log(x sinx)

X x2 x2

cot x
= +

_ xcotx+1-log (xsin x)

x2

@:(x sin x)1/* |:

x cot x +1—log (x sin x) W)
dx

2
x
Substituting the values of (iii) and (v) in (i), we get
Z—y = (x cos x)* [1 - x tan x + log (x cos x)]
x

x2

(x sinx)l/x|:x cotx +1—log (x sin x)]
12. ¥ +y'=1 (1)
Differentiating (i) w.r.t. x, we get

d d .
2N+ Z =0 ...(ii)
@)+ )
Let u=xY
Taking log on both sides, we get
log u =y log x -..(1i)

Differentiating the above w.r.t. x, we get



Letv=y" = logv=xlogy
Differentiating above w.r.t. x, we get

1 _ 1y
v dx yd

dv dy
= 1
ax [y ax " Ogy]

Substituting values of (iii) and (v) in (ii), we get

xY (y+logxdyJ+y ( dy+logyJ=0
x d y dx

x—l)dl:
dx

+logy

= (¥ logx+xy -y Iogy+yxy_1)

dy  y¥logy+yx? !
dx  xYlogx+xy* L

13. We are given that y* = x”

Taking log on both sides, we get
xlogy=ylogx

Differentiating (i) both sides w.r.t. x, we get

x-%logy+log y-lzyalogx+logx§—z

y dy

dy
_+1 I
X ngd

= x-l-— +logy =

= ﬂ[logx :| logy—z
dx Yy

dx  x(ylogx-x) x\x-ylogx
14. We have (cos x)” = (cos y)*
Taking log on both sides, we get
= ylog (cos x) = x log (cos v)
Differentiating (i) both sides w.r.t. x, we get

dy _y(xlogy-y) _ g(y—xlogy)

y Ll log (cos x) +log (cos x) ay
dx dx

=x di (log (cosy)) +1log (cos y)-1
x

=Y

(—sin x) +log (cos x) ay
x

COosXx

(=siny) 4y +log (cos y)
dx

=X-
cos y

= Z—y [log (cos x) + x tan y] =log(cos y) + y tan x
x

dy _log(cosy)+y tan x
dx log(cosx)+xtany

...(ii)

...(iv)

(i)

N0
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15. We know that xy = ¢® =)

Taking log on both sides, we get

log(xy) = log e® =¥ ()
logx +logy=x-y

Differentiating (i) both sides w.r.t. x, we get

l+ld_3/=(1_d_y) dy( +1J 1-1

x ydx dx dx\y x
dy _ykx-1)
dx x(y +1)

16. Letf(x) =

y=Q@0+x @1+ )(1+X)(1+x8)

Taking log on both sides, we get

log y =log [(1 +x)(1 +a?)(1 +x%)(1 +2%)]

= log y = log(1 + x) + log(1 + x?) + log(1 + x*

+log1+2%  ..(1)

Differentiating (i) w.r.t. x, we get

1 dy 1 1

— _J = + 5

ydx (1+x) (1+x%)

(2x) + (4x3)

(1+x%)

dy 1 2x 4x° 8x7
===y + 7+ ot 3
T+x 142 (1+x%) (1+x°)
=1+ 21+ +xH)A + 28
{ 1 2x 433 8x” |
+ +

ie., f(x)

+
1+x 1442 1+2% 1+x8d

1+1)@Q+1)Q+1)@A2+1)

1 +2(1)+4(1)+8(1)
1+1 1+1 141 141}
2 4 8}
+=+=+
2 2 2 2
1+2+4+8
‘=163 ——
Fm-16{12

17. (i) Let flx) = (x* - 5x + 8) (x> + 7x +9) (1)
Differentiating (1) w.r.t. x, we get

f'®)

=f )=

=@ )[

} = % (15) = 8(15) = 120.

=(x2—5x+8)£(x3+7x+9)
dx
+(x3+7x+9)i(x2—5x+8)
dx

= fl=
= f'0=

(® = 5x + 8)(3x% +7) + (x° + 7x + 9)(2x - 5)
3x* - 15x° + 24x% + 7x* - 35x + 56 + 2x*
+ 14x% + 18x - 5x° - 35x - 45
= f/(x) =5x" - 20x° + 45x% - 52x + 11.

(i) By expanding the product to obtain a single
polynomial, we have

flx) = (6 - 5x + 8)(x* + 7x + 9)



Continuity and Differentiability

= flx) =x"+7x + 9x* - 5x* - 35x% - 45x + 8x” + 56x + 72
= flx) =« - 5x* +15x° - 265 + 11x + 72
Differentiating the above equation w.r.t. x, we get

f/(x) =5x* - 20x° + 45x% - 52x + 11.

(iii) By logarithmic differentiation

Lety= (® = 5x +8)(x* + 7x + 9)

Taking log on both the sides, we get

logy = log{(x2 -5x + 8)(x3 +7x +9)}

= logy =log{(x* - 5x + 8) + log(x’ + 7x + 9)
Differentiating the above equation w.r.t. x, we get

lﬂz%(zx_5)+3—(3x2+7)
ydx (x*-5x+8) (x° +7x+9)
dy | 2x-5 3x2+7
= dx x> -5x+8 x> +7x+9
= ﬂ:(x2—5x+8)(x3+7x+9)
dx
2x-5 3x2 +7
2 t3
x“=5x+8 x7+7x+9

= (2x - 5)(x* + 7x + 9) + (3x* + 7)(x* - 5x + 8)
W 504 2003 44522~ 520411
dx
. The answer is same in all the three cases.
18. Using product rule : Let y = u-v-w = u-(vw) (1)
Differentiating (i) both sides w.r.t. x, we get

dy d
7 = . +y—
T u' - (vw)+u o (vw)
=u" (vw) + u[v'w + vw'’]
= u'vw + uv'w + uow’
du dv dw
=— - W+uUu-—-w+u-v-—
dx dx dx
Using logarithmic differentiation = u-v-w
Taking log on both sides, we get
logy = logu + logv + log w ...(ii)
Differentiating (ii) both sides w.r.t. x, we get
ldy _ldu 1dv 1 dw
ydx wudx vdx w dx
dy (1 du 1dov 1 dw)
= —————
dx udex vdx wdx
(1 du 1dv 1 dw)
=uow|——+——+——
udex vdx w dx

1. Here, x = 2af®
and y = at*
Differentiating (i) & (ii) w.r.t. t, we get

dx_ 24 (2t)=4at and A _ 4at>
dt dat

dy _dy/dt_dat’

"dx dx/dt  Aat '
2. Here, x =a cosb
and y = b cosb
Differentiating (i) & (ii) w.r.t. f, we get
=, (-sin®)=-asin® and
ae
ay _ b(
ae
dy dy/d® -bsin® b
dc dx/d® -asin® a

—sin 0) = —bsin®

3. Here,x=sint
and y = cos2t

Differentiating (i) & (ii) w.r.t. t, we get
. ﬂ=costar1d ﬂ=—sin2t-2=—2sin2t
dt dt

dy dy/dt -2sin2t -2-2sintcost

dx dx/dt_ cos t cost
= - 4sint
4. Here, x = 4t
4

y= n
Differentiating (i) & (ii) w.r.t. t, we get
dx =4 and 4y = 4

dt dt 42

dy _dy/dt_4 1 _-1

dx dx/dt 2 4 27

5. Here, x = cosO - cos20
Y = sinb - sin20
Differentiating (i) & (ii) w.r.t. f, we get

% =—5in0—(—sin 26) -2 =2 sin20 - sin6

%=COSG—COS 20-2=cos6 - 2 cos20
dy _dy/d® cosb—2cos26

: dx dx/de_Zsin29—sin6

6. Here, x = a(6- sinB)

y =a(l + cosB)

Differentiating (i) & (ii) w.r.t. t, we get
dx

%:a[l—cose]

15

Q)
...(ii)

Q)
...(ii)

o)

...(ii)

N0

...(ii)

()
...(i)
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dy

—~ =g[-sinf]=-asin®
dae

dy dy/d® _ —asinb
dx dx/d® a(l-cosB)

56 0 0
_sin® smEcosf 9
= = e =_C0t§
1-cos6 2gin2 2
2
sin’ ¢

7. Here, x =

\Jcos 2t

cos3 t

y= JJcos 2t

Differentiating (i) & (ii) w.r.t. ¢, we get

\cos2t % sin3t —sin’ ¢ %VcosZt

cos 2t

dx _

dt

1
\Jcos2t 3 sin? tcost —sin’ t-
2+/cos2t

cos 2t

.3, .

. tsin2t
\Jcos2t 3 sm2 tcost +w
_ cos 2t

(—sin 2¢) 2

cos 2t

_3cos2t sin? £ cos t +sin° ¢ sin 2t

(cos 21‘)3/2
\Jcos2t i (:os3 t— cos3 t i JJcos 2t
dy _ dt dt
dt cos 2t

Jcos2t 3 cos? ¢ (—sint)— cos® t'¥~(— sin 2t) -2

2./cos 2t

cos 2t

3, .
. t 2t
—3cos?t-sint- C082t+w
JJcos 2t
cos 2t

_ cos tsin 2t — 3 cos? tsin t cos 2t
(cos 2t)3/ 2

dy dy/dt cos® tsin 2t — 3 cos? t-sin t cos 2t
dx dx/dt  3cos2tsin’ tcost+sin® tsin 2t

8. Here, x=a (cost +log tan é)

y=asint

Differentiating (i) & (ii) w.r.t. t, we get

dx . 1 d t
—=qg|—sint+ fd_taHE
dt an t

2

t
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st 1
t‘SGC EE
tan—

2

. acoszt
=al|—sint+ =

sint

dy

—~=aqacost

dy _dy/dt _acostsint —tant

dx dx/dt  gcos’t
9. Here, x = asecf ..(i)
y =Dbtand (i)
Differentiating (i) & (ii) w.r.t. 6, we get
E=asec6’tan@ and d—y=bsec26
de de
dy _dy/de _ bsec’@
dx dx/d® asec6tan®
b sec®6 b
=— =—cosecb.
atan® a
10. Here, x = a(cosb + 0 sinb) ..(i)
y = a(sinB - 6 cos0) ...(ii)

Differentiating (i) & (ii) w.r.t. 6, we get

%:a[—sin9+6-cose+sin6]:a9cose
dy .

TR a[cos 8 — (0 (—sin6) + cos 0)]
=g [cosO + 0 sinO - cosO] = a 0 sin6

dy dy/d® _aBsin6 _
dx dx/d® a®cosB

1 ]
11. Given,x=Va*™ ! and y=\a®"® t

tan©

- -1
= ; ! = %M log a% (sin™" t)
asin t
asitf1 t
log a-
2 2
dy_l. 1 'i(acos_lt)
dt 2 [ osl; dt
1 1 cos 1t -1
=—- a log a-
2 acos_lt \/ﬁ
acos_1 t 1




Continuity and Differentiability

1. Lety=x+3x+2

2

= Wogiiss oy

dx dx
2 Lety=x20
& 20417
dx
2
LY 2019418 =380 8,
dx
3. Lety=xcosx
dy . .
—~=x-(—sin x) + cos x =—x sin x + cos x
dx
2
d—g=—[xcosx+sinx]—sinx
dx

= — (xcosx + 2sinx)
4. Lety=logx
dy 1 Fy 1
dx x dx? X2
5. Lety=x’logx
d—y:x3~l+logx~3x2:x2+3x210gx
dx x
2
d—]2/=2x+3[x2~1+10gx~2x:|
dx x
=2x + 3[x + 2x logx] = 2x + 3x + 6x log x

=5x + 6x logx = x (5 + 6 log x).
6. Lety=e¢"sinbx

dy _ eX isin 5x + sin 5x iex
dx dx dx

=¢* -cosbx -5 +sinbx -¢* = ¢" [5 cosbx + sin5x]
2
4y
dx?
= ¢* [-25 sin 5x + 5 cos 5x + 5 cos 5x + sin 5x]

= ¢* [10 cos 5x - 24 sin 5x] = 2¢" [5 cos 5x - 12 sin 5x]

7.  Lety=¢% cos 3x

% = %% (—sin 3x)-3 + cos 3x - €% -6
=6 - €% cos3x - 3¢% sin3x

d_g = 6[e6x (—sin 3x) -3+ cos 3x - 0 -6]

dx

- 3[¢% cos 3x - 3 + sin 3x €% - 6]

= ¢ [5(—sin 5x) -5 + cos 5x - 5] + [5 cos 5x + sin 5x] e*

17

= -18 - ¢® sin 3x + 36 ¢** cos 3x - 9¢°* cos 3x - 18¢** sin3x
= 27¢% cos 3x - 36¢™ sin 3x = 9¢*(3 cos 3x - 4 sin 3x)

8. Lety= tan"'x

dy 1
dx (1 +x2)

y (1+x )-0-1- (2x) —2x
a? (1+x2)? (1+x%)?
9. Lety=log(log x)

y__1 1
dx logx x
dzy 1

1 1d( 1
—_ +_—
42 logx\ 2 ) xdx\logx

[ 1
1 1 logx.O—l-;
) = 2
x“logx X (log x)
1
= 2_1 T - 2
x“logx X| (log x)

_ 11 4 {1+1].
x’logx  x%(logx)®> x%logx log x

_ —1(1+logx)

K (xlogx)2

10. Lety = sin(log x)

dy

—==cos (log x) =
dx x

2
ﬂ:cos (log x) - L +1~ {—sin (log x)}1
dx? x?) x x

_ —cos (logx) sin (log x)
x2 x?

=— iz [cos (log x) + sin (log x)].
X

11. Wehave y =5 cosx - 3 sinx

Z—y:5(—sinx)—3(cosx):—5sinx—3cosx
x

d2y . .

—5=-5cosx—3(-sinx)=—-5cosx+3sinx

dx?

dzy . .

—=+y=-5cosx +3sinx +5cosx —3sinx = 0.

dx?

12. Wehavey=cos'x = x=cosy (i)

Differentiating (i) w.r.t. x, we get

1:—sinyﬂ = d—y:—cosecy ...(ii)
dx dx

Differentiating (ii) w.r.t. x, we get

d’y dy

dx_2 =cosecy coty Ir =- COSGCZy coty
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13. We have
y =3 cos(log x) + 4 sin(log x) ..(i)

Differentiating (i) w.r.t. x, we get
ay =3 [—sin (log x)l] +|: 4 cos (logx) 1]
dx x x

2
Zx—}z/ =3 [(—Sin (Iogx)(— xlzj)+ % (—cos (log x)) ﬂ
+ 4| cos (log x) (_—)+ 1 {—sin (log x)} 1
2) x X
= iz [3 sin(log x) — 3 cos (log x)
x
-4 cos (logx) - 4 sin(log x)]

dzy
x? 2 =[3 sin (log x) — 4 cos (log x)

ISW

- (3 cos (log x) + 4 sin (log x)]
2 2
xzd—g=—x§—y—y = xzd—g+xd—y
dx x dx dx
= Xy +ay+y=0
14. Lety=Ae™ + Be™ (1)

Differentiating (i) w.r.t. x, we get

+y=0

d
d_zermx.m+BenJC_ n = Ame™ + Bne'™ (11)

Differentiating (ii) w.r.t. x, we get

2
d
—]2/ = Ame™ -m + Bne'™ -n = Am%e™ + Bn?%e™
dx

...(iii)

2
Now, Z—g —(m+n) Z—y +mny = Am*e" + Bn?e"™
x x

- [(m + n) (Ame™ + Bne™)] + mn (Ae™ + Be™)
[From (i), (ii) and (iii)]
= Am’e™ + Bn®e™ - Am®e™ - Bmne™
- Amne™ - Bn’e"™ + Amne™ + Bmne™ = 0
15. Lety=500¢" + 600 ¢
A _500.¢7%.74+600. 7 {(=7)
dx
= 3500 ¢’ - 4200 ¢~
2
d—g =3500-7 - ¢’* - 4200 (=7)e”"*
dx
= 24500 ¢’ + 29400 &7
=49 (500 ¢™* + 600 ¢ ) =49

2

d_g =49y

dx
16. Wehave xe’ +¢¥ =1 - ()
Differentiating (i) w.r.t. x, we get

dy dy dy -1 "
xed 2L oY 1Y 2L 20 - ...(ii)

dx dx dx x+1

romn (2] (L]
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Differentiating (ii) w.r.t. x, we get
dy__1

Ay (x+1)

From (iii) and (iv), we get

Ly _(d)

dx? dx
17. Lety = (tan™" x)? (i)
Differentiating (i) w.r.t. x, we get
ﬂ=2tan_1 x 1 3
dx (1+x%)
2 2y .0
d—g:2 tan_lx({l+x}222x)+ 12. 12
dx (1+x%) (1+x%) (1+x%)

—2x tan_1 X 1 —2x tan_1 x+1
=2 NI 79 | =2 22
(1+x%) (1+x7) (1+x%)
2
Now, (x2+1)2d—g+2x(x2+1)ﬂ
dx dx

\ (x2 . 1)2.2 [—2x tan " x + 1‘|

(1+ xz)2
1

(I+x

+2x (x2 +1)2 tan~! x 3
)

=dytan 'x+2+4xtanlx =2

NCERT MISCELLANEOUS EXERCISE

1. Lety=(3x"-9x +5)’ (i)
Differentiating (i) w.r.t. x, we get

= %:9(3x2—9x+5)8~(6x—9)
X

=27(3x* - 9x + 5)%(2x - 3)
2. Lety =sin’x + cos®x ..(i)
Differentiating (i) w.r.t. x, we get

2

d . .
Y _35in? x cos x + 6 cos® x (—sin x)

dx
= 3 sinx cos x (sinx - 2 cos’x)

3. Lety= (5x)*°*

Taking log on both sides, we get

logy = 3cos2x log(5x) = 3 cos2x [logb + logx]

logy = 3 cos2x logb + 3 cos2x logx (i)
Differentiating (i) w.r.t. x, we get

3 cos2x

ld—y=’a’logS(—sir12x)~2 +

) dx + 3 logx (-2sin2x)

3 cos2x

=—-6sin2xlog5 + —65sin 2x log x



Continuity and Differentiability

dy _ (52052 [3 cos2x
x

—6 (log 5+log x) sin 2x:|
dx

3 cos2
= (5x)3€082¥ [ﬁ -6 sin2xlog 5x:|
x

4. Lety=sin’ (xx/; ) (i)

Differentiating w.r.t. x, we get

RS SN rE

dx 11 3 dx

! [iw} 1 [fzq

_\/1—x3 _\/1—x3 2

— . x
21—+

5. Let y=cos

e8]

1%(2x +7) /2 (i)

Differentiating (i) w.r.t. x, we get

Ay _ cos 12 [i(Zx + 7)_1/2:| +(2x + 7)_1/2 (icos_1 EJ
dx 2 Ldx dx 2

W o5 X [_—1 2x+7)/2(2) }
dx 212

ay =—cos 12 (2x + 7)_3/2 +(2x+ 7)_1/2 ol __
dx 2 (xzj
2 1-|=—

4

1%
2

- + 3/2
Ja-22 2x+7  (2x+7)

\/1+sinx+\/1—sinx 0< <n:
7 X<—
\/1+sinx—\/1—sinx 2

1 Ccos

6. Lety= cot! {

X . 92X . X X
\/COS2* + smzf + 2 sin — cos —
2 2 2 2

X, .2X
+\/cos2 Ztgin? >
2 2

—25in£cosE
2 2

y= cot™!
X . 2X . X X
\/COSZ —+ smzf +2sin — cos —
2 2 2 2

X . oX . X X
—\/C082 Y sin?t —2sin Y cos >
2 2 2 2
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yzcot

x . xY
cosf+sm +,/| cos = —sin =
2 2
2
XX
cos S sm (cos ~—sin f)
2 2

X X X X
COS — + sin — + cos — — sin —
y=cot™! 2 2 2

X X x x
cos —+sin— —cos — +sin —
2 2 2 2

-1 X
= y=cot |:cot E]

251n—

2 cos %
y= cot ™! p

x dy _1

yZE dx 2

7. Lety=(logx)
Taking log on both sides, we get

log y = log x log (log x) ..(i)
Differentiating (i) both sides w.r.t. x, we get

- d_y = logx.
y dx Iogx

log x

1
1 1og (log X)~ = _1 ~[1+1og (log )]

d_y = (log x)\°8 ¥ 1 [1+1log (log x)], x>1
X
8. Lety=cos (acosx+bsinx) (1)

Differentiating (i) both sides w.r.t. x, we get
dy

Ez—sin (a cos x + b sin x) [a (—sin x) + b cos x]
= - sin(a cos x + b sin x) [-a sin x + b cos x]

= (a sin x - b cos x) sin(a cos x + b sin x)

9. Lety=
Taking log on both sides, we get
logy =
Differentiating (i) both sides w.r.t. x, we get

1 dy

y dx

(sin X - COS x)(smx— cosx)

(sinx - cos x) log(sin x - cos x) ..(i)

. (cosx +sinx)
=(sinx —cosx) ——=
(sinx — cosx)

+log (sinx — cosx) (cosx + sinx)

o ldy_

y (cosx +sinx) +log (sin x — cosx)
y dx

x (cosx + sinx)

= d_y =y (cos x +sinx)[1 +log (sinx — cosx)]

dy

) (sinx — cosx)
dx

=(sinx —cosx
x(cosx +sinx) [(1 +log (sinx — cosx))], sinx > cosx

10. Lety=x"+x"+a"+4"
I I 0ooIv
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. Letu=x" = logu=Ilogux"
= logu=xlogx (i)
Differentiating (i) both sides w.r.t. x, we get
= Ldu_ x(lj+log x (1)
u dx x

du
= —=u(l1+1
™ u (1+log x)

du o ..
= —= 1+1 ...(11)
5 = ¢ (I+logx)
II. Letv=x" = logv=Ilogx"
= logv=alogx ...(1ii)
Differentiating (iii) both sides w.r.t. x, we get
ldv 1 dv (a )
> -——=a- = —=0|—
vdx x dx x
o B (£)=x”'a~x_l =1 (iv)
dx x
III. Letw =a" = logw = loga*
= logw=xloga (V)
Differentiating (v) both sides w.r.t. x, we get
= ld—w=log a(l):>d—w=w10ga=ax log a (Vi)
w dx dx
IV. Letz=4a" = logz=Iloga"
= logz=aloga ..(vii)
Differentiating (vii) both sides w.r.t. x, we get
z dx dx
W _ (1+logx)+ax"~ !+ a*loga
[From (ii), (iv), (vi), (viii)]
2 2
11. Lety=x" 2+(x-3)" =u+v
2 2
where u=x" "3and v=(x-3)"
Since, u = 28
Taking log on both sides, we get
logu = (* - 3) log x (@)
Differentiating (i) w.r.t. x on both sides, we get
1du (x>-3)
—— =+l 2
u dx x og (2x)

) 2 .
%:xx _3[_x 3 +2x logx] -(H)
dx x
Also, v = (x - 3)°
Taking log on both sides, we get
logo = x* log(x - 3) ..(1ii)

Differentiating (iii) w.r.t. x, we get
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ldo_ 2

1 -3)(2
S ar 13 Flog(x~3)(2x)

2
ﬁz(x—S)x2 [x—+2x log (x—3)} (iv)
dx x-3
Now,y=u+0v
dy du dv 2_3|:x2—3 }
S , —_—=—d4— = X _—
O xdr Tde =¥ +2x log x
2 x2
+(x-3)" 3t 2x log (x - 3) [From (ii) and (iv)]
x—
12. Herey=12(1 - cos t) ..(i)
x =10 (t-sin t) ...(ii)
Differentiating (i) & (ii) w.r.t. t, we get
dy . .
—==12[—(-sin t)] =12 sin ¢
2 [(=sin t)] sin
ﬂ=10(1—cosi!)
dt
dy _dy/dt  12sint _ 6sint
dx dx/dt 10(1-cost) 5(1-cost)
=§ 251nt/§cost/2 =§C0tt/2
5 2sin”“ t /2 5
13. Herey= sin”! x +sin”! |1-x?
Let u=sin"'xand v=sin"! {1 —x?
%= \/:7, and v=sin"t 41— x2
Put x = cosb
- v=sin"! \1-cos?0 =sin"'sin?0
= sin”! (sinB) = 6 = cos'x
dv_ -1
dx /1 2
As d—y=%+@= ! + -1 =0.
dx dx dx \/1—x2 \/1—x2
14. Wehavexl+y+y1+x=0
Syfl+y=-yfl+x = x2(1+y)=y2(1+x)
(Squaring both sides)

-x (i)

x+1

= (@ -y)+wy(-y)=0 = y=

Differentiating (i) w.r.t. x, we get
dy _(x+1)(-1)—-(-x) —x-1+x -1
dx (x+1)2 (x+1?  (c+1)?




Continuity and Differentiability
15. (x-a)*+(y-b?=c (i)
Differentiating (i) with respect to x, we get
dy
2x—a)+2(y—b)=L=0
(x=a)+2(y~D)

= (x—u)+(y—b)%20 ...(ii)

Differentiating (ii) with respect to x, we get

- Yy __ ...(ii)
dx? (y-b)
From (ii), we have
dy __[x=a
dx  \y-b
Simplify further,
2 2
1+(—y) :1+(_(x—a)J
x y—b
2 2
:1+(x_a) = ¢ 5 ...(iV)
y=b) (y-b)
2 2
Also, d_32/ -__° = [From (iii) & (iv)] ...(v)
dx (y—b)

From (iv) and (v), we have

3/2
l” (Zyﬂ (v i3b)3

= =—C

dx® (y-b)’

which is independent of a and b.

16. We have cos y = x cos(a + )

cosy

- - cos(a+y)

Differentiating the above equation w.r.t. y, we get

dx _cos (a+y)(-sin y)—cos y (—sin (a +y))

dy cos? (a+y)

_cosysin(a+y)—siny cos(a+y)

cos? (a+y)
_sin(a+y-y) sina
cos? (a+y)

cos? (a+y)
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dy _ cos? (a+y)
dx sina
17. Here, x =a(cos t + tsint)

Differentiating the above w.r.t. f, we get

dx . .
Eza(—smt+tcost+smt)

@ =atcost

dt

Now, we have, y = a(sin - f cos t)
dy .

T a(cost—{t(—sint)+cost(1)})

dy . )
E=u(cost+tsmt—cost)=utsmt

d—yzd—yxﬂzatsintx
dx dt dx

=tant

at cos t

d2

_y = secz t- ﬂ
dx? dx

42 2 1 sec’t sec’t
—==sec"t- = =

dxz atcost atcost at

Lyt oot
18. Casel. When x> 0.
Here f(x) = | x| 3=,
f/(x) = 3x* and f”/(x) = 6x.
Case II. When x < 0.
Here f(x) = (-x)* ==&,
f/(x) = -3x*and f"(x) = - 6x.

. 6x, if x>0,
Thus f*(x)= —6x, if x<0

Hence f”(x)=6 |x]|.
19. Let P(n) be the given statement in the problem
4
dx
Put n =11in (i), we get
d

P):—— ()= =) = (1) (=1

P(n): — (x")=nx""1 ()

which is true as A (x)=1
dx

Suppose P(m) is true

m—1

d "™ =mx (i)

:%(x

To establish the truth of P(m + 1), we prove

P(m)

P(m+1);d%(xm+1)=(m+1)xm
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.
Now, x"*1 =L x™

d m+1 _i Lm
FRCUMDERICIELD

d d
=X'E(xm)+xm E(x) = xmx™ 1+ x" (1)

=mx" + x" =" (m + 1)
P(m + 1) is true if P(m) is true.
By principle of induction P(n) is true for alln € N.

20. We have sin(A + B) =sinA cosB + cosA sinB (i)

Consider A and B as function of t and differentiating
both sides of (i) w.r.t. £, we have
cos (A + B) (d—A + d—B)z sin A (—sin B) B

ar  dt dt

+ cos B [cosA d—A] +cos A cos B d—B
dt dt

+sin B (—sin A) aa
dt
= cos(A+B)(d—A+d—B)
dt dt
=(cosAcosB—sinAsinB)(d—A+d—B)
dt dt

= cos(A + B) = cosA cosB - sinA sinB.
21. Let the function be flx) = |x-1| + |x-2].
We redefine f(x) as :
This is continuous at all x € R but not differentiable at
x=1,2.
—(x-1)—(x=-2)ifx<1
f(x)=q(x-1)—(x-2);if1<x<2
(x-1D+(x-2)ifx>2
2x+3; if x<1
1;if 1<x<2
2x—3; if x>2

ie, f(x)=

f(x) is clearly continuous at all x except possibly at 1, 2.
Atx=1
lim f(x)=lim (-2(1-h)+3)=-2+3=1

. h—0

x—1
lim f(x)= lim (1)=1.
x—>1* x—>1*
Also f(1) = 1.
Thus lim f(x)= lim f(x)= f(1).
x—1" x—1*
Hence f{x) is continuous at x = 1.
Atx=2
lim f(x)= lim 1=1
x—2" x—2"
lim f(x)= lim (2x-3)=lim (2(2+h)-3)
x—2F x—2" h—0

=2(2)-3=1
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Also, f(2) =1.
Thus lim f(x)= lim f(x)= f(2).

x—2~ x—2F

Hence f(x) is continuous at x = 2.

Hence ‘f” is continuous at all x € R.

-2, if x<1
Now f'(x)=4 0; if 1<x<2
2, if x>2

Derivability at x =1
Lf’ (1) = lim L=/ _h_)h_ Q)

h—0
= lim “20-m+3-1 = lim P
h—0~ —h h—0~ —h
= lim (-2)=-2.
h—0~
Rf’ (1) = lim fA+—fO _ gy 121,

h—0* h h—0*
Thus Lf’(1) # Rf'(1)
= ‘f’isnot derivable at x =1.

Derivability at x =2

L (2)= tim LEZM=S@)_ 171
h—0~ - h—0~ —h
k@)= lim L1211
h—-0*
= lim Mz lim %: lim 2=2
h—0" h h—0t b poot

= LfQ#Rf'(Q)
= fisnot derivable atx =2

Hence, f{x) = |x-1| + |x - 2] is continuous everywhere
and differentiable at all x € R except at1 and 2.

fx) g(x) h(x)
22. Wehave y=| I m n

a b c
d d d
U )
d—y: ) m n
* a b
f) g() h@)| | fG) g@) h(x)
+| 0 0 0 |+]| I m n
a b c 0 0 0
f(x) &'(x) h(x)
=| 1 m n
a b



Continuity and Differentiability

-1
23. Wehave y=¢"® ¥ ..(i)
Differentiating (i) both sides w.r.t. x, we get

1
dy _ grcosx @ (acos™! x)
dx dx

_a cos Tx

- —a .
(\/1 _axz ]z \/1 _yxz ...(ii)

Differentiating (ii) both sides w.r.t. x, we get

d 2
, [ 2dy
%y dx ydx —*

dx? (1—x )

23

-

dzy )
dx? (1- x)

e
el )]

e (2)

d2
(1—x2)gg=—al—ay+

= (1-x%)
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