Continuity and
Differentiability 5

. TRY YOURSELF

1. Here, we observe that the function f(x) is defined at
x =1 and its value is 5.
Now, lim f(x) =lim (2x+3)=2x1+3=5

x=1 x—1

Thus, lim f(x)=5= f(1)
x—>1
Hence, fis continuous at x = 1.

x
2. Here, f(x)- m,whenx;tO

3 ,whenx=0
oo lim f(x) = lim .x = limlx .3x :1( lim '3x j
x—0 x—0sin3x x—-03 sin3x 3\3x—0sin3x
Lyt { lim Smx:l}
x—0 X

But f(0) =3

lim f(x)# f(0)

x—0

Hence, f (x) is discontinuous at x = 0.
5x—-4 , when0<x<1
4x3—3x,when1<x<2

3. Here, f(x):{

LHL.= lim f(x)= lim (5x-4)=5(1)-4=1
x—=1"

x—1"

RHL. = lim f(x)= lim (4x° —3x)=4(1)>-3(1) =1

x—1* x—1"

and f(1)=5x1-4=1
lim f(x)=f(1)= lim f(x)
x—>1" x—>1*
So, f(x) is continuous at x = 1.

-x , ifx<0
4. Wehave, f(x)=|x| =>f(x)= X, ifx>0
Clearly, f (x) is defined at x = 0 and f{0) =0
LHL. = lim f(x)= lim (-x)=lim [-(0-/h)]=0
x—0" x>0 h—0
[Putting x =0 - K]
RH.L. = lim f(x)= lim (x)=1lim (0+h)=0
x>0 x—0" h—0
[Putting x =0 + 1]
LHL =RHL. = lim f(x)=0
x—0

lim f(x)= £(0)=0

Hence, f (x) is continuous at x = 0.
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sinbx

if
5. Here, f(x)=1 3x =0
k , ifx=0

Since, f (x) is continuous at x = 0.

f =102 by (352 -

. b(sinbx . b(sinbx
= lim— =k= lim — =k
x—=05\ 3x 5x—0 3\ bx

= E:k
3

1
6. Here, f(x)=—,x#0
X

Take any non zero real number c.
Clearly, fis defined at every real number ¢, c # 0 and

f)==

C.

Also, lim f(x)=lim l = 1
x=c x=scX C

Thus, lim f(x)= f(c) and hence fis continuous at every
X—C

point in the domain of f.

[x-3], ifx>1
7. Here, f(x)=14x2
Ll s S S SN
4 2 4

Now, if f(x) is continuous at x =1, then lim f(x)= f(1)
x—=>1"

Atx=1,f(x)=|x-3|=>f1)=|1-3| =2

2
Now, lim f(x)= lim (x__S_x+EJ

x—1" -1~ | 4 2 4
132
:hm M_E(l_h)+2
h—0 4 2 4
_1.3. 18,
4 2 4

f=2=lim f(x)

f(x) is continuous at x = 1. Thus f{x) is nowhere
discontinuous.
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2 if xr<3 For continuity at x = 0
8. Wehave f(x)=qax+b ,if3<x<5 LHL.= lim f(x)= lim [-(x-5)]
9 ,ifx>5 x—5 x—5
=lim[—~(5-h)+5]=1limh=0
When x <3, f (x) = 2 which being a constant functions, is h—0 h—0
continuous for all x < 3. and RH.L.= lim (x—5)
When 3 < x <5, f(x) = ax + b, which being a polynomial, x—5"
is continuous for all x € (3, 5). =lim(5+h-5)=1limh=0
When x > 5, f (x) = 9, which being a constant function, is h=>0 h=>0
continuous for all x > 5. Also, f(5)=5-5=0

We now consider the continuity of f(x) atx=3and x=5. LH.L. = RH.L. = f5)
Atx=3:LHL.= lim (2)=2

- Therefore, f(x) is continuous at x =5
x—3

RHL. = xlgl; (ax+b)— hm [a(3+h)+1] Now, Lf(5)= lim fx)-f()
32+ b x>5  Xx=5
=3a
and f(3) = 2 = lim 200 iy 29 _
For continuity atx =3,3a+ b =2. ..(d) x5 X5 x5 X5
Atx=5:LHL = lim (ax+b)=lim [a(5~h)+b] Rf'(5)= lim L{_:@
—51+b x—5 X—=
RHL. = lim (9)=9 = lim ¥25-0_4
x—>5 x—5t x=5
and f(5) =9 . ,
For continuity atx=5,52+b =9 (i) Therefore, Lf(5) Rf. ©) . )
Solving (i) and (ii), we get Hence, f(x) = | x - 5| is not differentiable at x = 5.
7 _17 11. Using definition of derivative, we have
a==
2’ f(x) - f(2)
12x-13,if x <3 lim —=—"—=f12)
9. Wehave f(x)=
2x% +5,if x >3 F(x) - £(2)
Atxr=3: = lim =1 [ f@2=1] (i)

=2  x-2

. f(x)-f(3) (12x-13)-23
LHD. = lim &=~~~ = lim ~———~— . xf(2)-2f(x
xln[‘vl’ x-=3 x—)rg’ x-3 Now, lim —f( )=2f(x)
x—2 x-2

1lim [12(3-h)-13]-23 —1im (36 -12h —-13-23) i Xf(2)-2f(2)+2£(2) - 2f(x)

h—0 (3-h)-3 h—0 —h T oo x—2
- tim (2] 1 o (5= 2F Q) =2/ ()~ £2)

h—0\ h ) 12 x—-2

. 3 i 2x~+5)-23
RHD. = lim LJO SOy, G492 e GmDF@) )= £Q)
=3 x-3 =3 x-3 =2 x—2 =2 x-2
2 2
h—0 (3+h)-3 h—0 h
. . 1
9 12. Atx=c:LHL. = lim f(x)= lim (x-c)cos [—J
.| 18+2h" +12h-23+5 . (2h+12 x—>C x—c x—c

= lim = lim =12

h—0 h h—0 1 1 1

=lim (c—h—c)cos [ j = lim (-h) cos (—j
L.H.D.=RH.D. h—0 c—h-c) h—0 h
Hence, f (x) is differentiable at x = 3. = (0 x an oscillating number between -1 and 1 =0
£ ®=12 .

10. We have given, f(x) = |x - 5| RH.L. = xhjl; fx)= xlin; (x~0) COS(E)

—(x-5), ifx<5
f(x):{ -3 ?x< —11m(c+h c)cos(c+ll1_cj

x-5 ifx>5 h—0



Continuity and Differentiability

=lim hcos (1) =0 x [an oscillating number between -1 and 1]
h—0 h

=0
Also, f(c) =0
Thus, LH.L. = RH.L. = f(c)
f (x) is continuous at x = 1.

Differentiability atx =c:

(x—c)cos( E )—0
LHD.= lim £80=O_ i, xr=c
x—c xX—c x—c~ X—cC
(c—h—c)cos(l)
i c—h-c)|_;. (1)
= lim = lim cos| —
h—0 c—h-c h—0 h

= a number which oscillates between -1 and 1.
So, L.H.D. does not exist.

Similarly, R.H.D. does not exist.

Hence, f(x) is not differentiable at x = c.

13. (i) Let y = f(x) = sin ()

% = d%c (sin(xz)) = Ccos (xz)% (xz)

=2x - cosx’

(ii) Lety=f(x) = cot (sinx)

dy _ d{cot(sin~/x)} sin\/;) d(\x)

dx  dx o leotn 0} = deindn) - d(Wx) . dx
Y __osec(sinx). B

= el cosec (sm\/;) cos/x 2

14. Let Y= az_x2~Puttingu=u2—x2, we get
Y= u—u /2 andu= a® —x*
Z—Z:—%u_g’/zand%:—h
dy dy d

Now. e e
%:—%u_wzx(—Zx):—Wx(—Zx)
P e um o]

15. Here, y = sin3 5x cos\/;

Put sin®5x = u and cog+/x =

@:3Sin2 5x-cosbx-5and @:—sinx/; L
dx dx 2\/;

y=uv

dy dv du
— =Y —+ UV —
dx  dx dx
- sin35x —siny/x + cos\/a_c(1551n2 5x cos 5x)
2Jx
=sin25x 15c0s+/x cos 5x —M
2Jx

16. Lety = x* + sindx + cos’x + tan x*

d
d—y=4x3+cos4x-4+4cos3x( sinx)+sec? x* (4x%)
X

= 4x3 +4cosdx —4sinx cos3 X+ 4x3 sec2 x4

17. (i) Here, y= cot™ (\/; = cot L u, where u = Jx

dy -1 du 1
ay _ a
dx  1+42 dx  2x

Now dy _ dy du -1 1 -1 1
W dTd dx 14u? Wx 1+(Wx? 2%
y &
2Jx(1+x)

(i) Here, y= cot! (cosec x + cot x)

_ 1 cosXx _1(1+cosx
_cot 1( , +__j:cot 1[_j
sinx sinx sinx
2 X
2cos” =
2 =C0’t—1 Co’tE =X
2 2

2sin£~cos£
2 2

=cot

dy_1
dx 2

18. Let y=tan ' {\/m}
1-sinx
Then, = tan~! { [1=C08(®/2+x)
’ 1+cos (m/2+x)

2sm n/4+x/2)
2cos (m/4+x/2)
- T X
= y=tan {tan[ } Z+§
T T T X T
v —<x<—=0<—+=<
l: 2 2 4 2 2]
dy_1
dx 2



4
19. 4 tan™! (H—XJ
dx 1—ax
= —f{tanla+tan"lx} = i(tan_1 a)+ —(tan_1 x)
dx dx dx
—04 1 . 1
I+x° 1+x
x-1 2
20. If y=cos! X = cos x2 -1
x+ 1 x“+1

x
2 2

—cos1| 12 x2 =cos! —% [Putting x = tan 6]

1+x 1+tan”0

= cos™! (~cos 26) = cos™ [cos (r - 26)]

or y=n—29=n—2tan’1x
dy 2
dx 1412
21. Here,x-y=mn
Differentiating both sides, we get
- d_y =0= d_y =1
dx dx

22. Differentiating both sides of the given relation with
respect to x, we get

3x +3y2 dy 3a{xdy+y}

= (?’y2 —3ax) _ 3ay — 3x?
dx

= 3(y2—ax)ﬂ:3(ay—x2)
dx
d_y:ay—x2
= dx y2—ax.

23. We have, (1 + %) secx - y cotx + 1 = x?
Differentiating both sides w.r.t. x, we get
(1 + %) sec x tan x + sec x - 2 -

LU y(—coseczx) —cotx 4y =2x.
dx dx

= d_y (2y secx — cotx)
=2x - ycosec x -

(1+y )secx tan x

dy _2x- ycosec x— (1+y )secx tanx

dx 2ysecx —cotx

24. We have given, tan™(x* + /%) =
On differentiating both sides w.r.t. x, we get

diictan_l(x2 + yz) = %(a)
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1 d
- — = 42 0
1+(x +y )2 dx( Y )
= 2x+2y—y=0 = Z_y:—_x
x oy

25. (i) Let y = ¢S

ﬂ:i(esin(cosx)):esin(cosx)

o % [sin(cosx)]

sin(cos x)

e - cos(cosx) i(cos x)

= —sinx- cos(cos x)e* (€05 %)

(i) Lety =cos™(¢")

ﬂ |:COS_1(€ )J A3 ) =——
dx dx 1_ 2 dx 1_ 2%

26. Let y = sin [sin (log 3x)]

dy _

oy [51r1(sm(log3x)]

= cos[sin (log 3x)] di (sin log 3x))
x

= cos [sin(log 3x)] cos (log 3x)- di(log 3x)
x

= cos [sin (log 3x)] cos (log 3x) x 1 i(3x)
3x dx

= cos [sin (log 3x)] cos (log 3x) 1
x

1+ coszx

27. y=lo
y=log\| ==
2
:110g (wJ :% [log (1+ cos? x) —log (1—e?*)]

2 1_62x
d 2x
-—(1-e
22X dx( )}

ﬂ—l{%-i(l+cos2x)—
dx 2| 1+cos“x dx 1-

:1{;2~(—2cosxsinx)— 12 (—262x)}
2| 1+cos”x 1—e"

_ —sinxcosx e2x

" 1+coslx  1-e2*
2
28. Lety=5"% +(3-x%".

Differentiating with respect to x, we get

ZZ ddx( )+d (G-}

> W57 g 55D (3-x2)+53-x2) ]
dx dx

d 2
2 (3=
xdx( x“)
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o W3 00 5 (0-2x)+5(3-x2)t x (0-2x)

dx

= W[5 10g,5+5(3-x2)!
dx

29. Lety=a*

Taking logarithm on both sides, we get

logy=xloga
Differentiating both sides w.r.t. x, we get
1dy_ =1-loga
y dx

= ﬂ:yloga
dx

Thus, i(ax):ax loga
dx

30. Lety = (log x)*™.

Then, y= esinx log (logx)
On differentiating both sides with respect to x, we get
d_]/: esinx-log(logx)

T % {sinx-log (logx)}

= (log x)*"* {log (log x)%(sin x) +sin xdix(log(log x))}

= (log x)"* {log (log x)- cosx + sinx X LI 1}
logx «x

Thus, (logx)smx {log (logx)-cosx + smr }
xlogx

X
31. Lety :8—8
x

X

= logyzlogS—8 =1log 8" -log x*
x

On differentiating w.r.t. x, we get

1 dy d

— == log8-8-1

) dx dx[x og og x]
y dx x

X
d—y:y[log8—§) :8—(10g8—§j
dx x) 48 x

32. Lety=x""+ (x cosx)”

Differentiating both sides w.r.t. x, we get

d
a4y _ xcosx

A xcos x - log x)+ (x cosx)* -
i g
X X

i(x -log(x cos x))
X

1 .
= x ¥ Cos¥ [xcos x-—+logx. (—x sinx + cosx.1)
x

XCOosx

+ (xcosx)* {x.

(—x sinx + cosx) +log(x cosx).l}

= X" [(1 + logx) cosx —x sinx logx] +

(x cosx)”
[log (xcosx) -x tanx + 1].
33. Given, x = a cosH, y =qsinf

dx

a(- sme) =acos6
40 6
Hence, d_y: _dy /40 = aCO.SG =—cot0
dx dx/d0 -asin®
34. Here, x = cos6 + cos20

= %:—sine —2sin20 =—(sin6 + 25in 20)
and y = sinb + sin20

= d_y =c0s0 +2cos20
do

dy _dy/d® __ cosb+2cos26
dx dx/dG sin6 + 2sin 20
35. We have,
1 .
xX=t+-— .
: (0
1
andy:t—? ...(ii)
Taking derivative of (i) and (ii) w.r.t. ‘', we get
2 2
@_1_122 and ﬂ;prl:t +1
dt t2 t2 dt t2 t2
dy _dy/dt_(P+1)/# +1
de dx/dt (2-1)/2 -1
36. Lety = tanx and z = sinx
ﬂ:seczxandﬁzcosx
X X
2
ﬂ: dy / dx _sectx 3.
dz dz/dx cosx
37. Let u=tan ! (1+§x}mdv=\/1+4x2.
—2x
Then,u:tan_11+tan_1 2x andv:\/1+4x2
du 2 dv 1 4x
- = and —= X 8x =
dr 144 dr 914 4,2 V14452
du 2
du_ gy _ 1+4x? _ 1

dv dv 4x

dx V1+4x2

38. Lety=x"and z = xlogx

2231 + 432

Now, y=x"=logy = xlog x

1dy—x 1+1 -logx
y dx x

= d—:x" (1+logx)
dx



6
Also, z = xlogx
E:x><l+logx~1:1~l—10gx
dx x
X
Hence, d_yzdy/dxzx (1+logx)=xx
dz dz/dx 1+logx

39. Given,y = ¥® +tanx

d_y = 3x2 + sec2 X
dx

Again differentiating (i) w.r.t x, we get
2
4y -4 (3x2 +sec
dx?  dx
= 6x + 2sec’x tanx.

2 X) = 6x + 2secx - secx tanx

40. Here,x=4zz+5 = ﬂ:8.7:

dz

y:6zz+7z+3:l;—y=122+7
Z

dy _dy/dz 12z+7
dx dx/dz 8z

(i)
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Differentiating (i) w.r.t. x, we have

d*y _(82)(12)-(12z+7)-8 dz

dx? (8z)? dx

8[12z-12z-7] 1 -7

(82)? 8z 64z°

41. Here, y = ae™ + be™"

dy mx

L = gme™ —bme”
dx

d )
o L=m(a b ..()

Differentiating (i) w.r.t. x, we get
2
Y (ame™* + bme~

mx
dx? )

= m? (ae™ + be ™) = m’y

2

Y 2y 0

Hence, >
dx
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