«\ TRY YOURSELF

X99+1 x100

1. (i) [x¥Pdr="—+C="C
99+1 100

.. -1/3

(ii) f—d —jmdx [x3dx

(1/3)+1
=x_1—+C=Ex2/3 +C

—+1 2

3

f sinx
1- sinzx

J SlI'l X

_J~ sinx

(i) dx

COS X

—— dx = [secx tanx dx = secx +C
COSX COSX

3 X
2. (i) J'Sxexdx:_[(’;’»e)xdx:l(mgi?)e

sm X

(ii) j'sinzxcoseczxdx _[ dx —jldx x+c

Sll’l X

3. (i) j(x—l)dx j(x3—xi3—3x-%(x—%))dx

=_|'(x3—x_3—3x+g)dx
X
4 -2 2
=x——x——3i+3log|x|+c
4 2 2
4
=x—+i—§x2+310g|x|+c
4 2x2 2
(ii) f1+sTnxdx=J.1+s%nxx1+s%nxdx
1-sinx 1-sinx 1+sinx

_ J(1 +sinx)?

1-sin®x

dx

dx

J.l +sin? x + 2sinx
cos® x

= jsecz x +tan? x + 2secx tan xdx
= _[(sec2 x+ (sec2 x—1)+ 2secx tanx)dx

=_[(2sec2x+2secxtanx—1)dx
=2tanx +2secx —x+c¢
(iii)
.3 3
+
Jsm X + cos xd =J

sin? x cos? x

COS3 X

sin? x cos? x

dx +
sin? x cos? x

dx

sin® x
]

sinx COSX
= d
I * '[sim2 X

dx

COS X
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= _[tanx secx dx + j'cotx cosec x dx
= gecx — cosec x + ¢

4.  Wehave, (x)=_[f’(x)dx='|'(3x2—x£3)dx

-2
= f(x)=3i—2x—+c x +l+c
-2 x2
fil) =1+1+C=0=2+C =C=-2
. f(x)=x3+12-2.
X

5. (i) Let I=[cos(ax+b)dx

Put (ax+b)=t= adx=dt =>dx=1dt
a

I=1jcostdt=1sint+C=lsin(ax+b)+C
a a a

1-tanx

(if) Let I =_[ dx

1+tanx
sinx

ZI cosx ;. J.cosx—smxdx
smx CosX +sinx

cosx
Put (cos x +sinx) =t
= (- sinx + cos x) dx = dt = (cos x - sin x) dx = dt

t
. I=de=10g|t|+C=10g|cosx+sinx|+C
6. (i)Letl= J.xe’ sin®(x*) cos(x*)dx

Put sin (x*) = ¢
= 4x°cos (x*) dx = dt

= x°cos (x*) dx = at

5
. Izljt4dt=1t—+c
4 45

= lsin5(x4)+C

20
(i) Let I=[(5x+3)v2x—1dx
Here V2x -1 is of the form (ax + b)"
Put 2x—1:t:2dx:dt=>%:dx

AISO, 2x—1=t:>x=%

a=JelE ) g



oy Elht N7 dt:j(iﬁﬂ L),
4 4 4

3/2 _1)3/2 _
:t_(t+2)+cz(2x 1) (3(2x 1)+11)+c
2 3 2 3
(2x-1)*?

= BRr-1)+11]+C

(2x-1)*?

1\3/2
=T[6x+8]+C=(2x D™ Bx+4) |

3

2x

(iii) Let I=] e*dx

dx:j

e
1+e* 1+¢*

Putl+e'=t= e'dx=dt
Also, 1+ =t=¢"=t-1

I:j% dt:j(l—%)dt

=t-log|t| +C
=1+e'-log|l+e| +C
=¢'-log|l+e"| +C,whereC'=C+1

7. Letl

1 1 1
=[(2x-3)°+ + + +
I{( ) (7x-5)* 5x-4 2-3x

Then, | =[(2x-3)°dx + [(7x-5)"dx
! dx + [3x+2 dx

\/3x+2}dx

+ J'(5x—4)_l/2 dx +j

2-3x
a6 52 /2
:>I=(2x 3) +(7x 5) +(5x 4i
2x6 7x-2 5y~
2
2)3/2
+(l)log|2—3x|+m+c
-3 3x =
2
1 6 1 5 2
=[=—2x-3) -— (7x-5)"+—-+5x—-4
12 14 5
1 2 3/2
——log|2-3x|+=(3x+2)“ +C
3 9
8. LetI:J' 1 dx. Then,
V1-2x +~/3-2x
V1-2x —v3-2x
(V1-2x +v3-2x) (V1-2x —+/3-2x)

I_Ix/1—2x—\/3—2xd
Z T 2020

= I=—%J\/1—2x dx+%'[x/3—2x dx
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1-2 3/2 3-92 3/2
=1 % L1 % e
2 -2 X — 2 -2 X —

2 2

= %(1—2@3/2 —%(3— 2x)*% +C

9. (i) LetI= Icos3 x dx. Then,

- Jcos?)x +3cosx

dx = 1‘[(cos3x+ 3cosx) dx
4 4

4

(ii) LetI=[sin®xcos”x dx.Then,

l{sin3x . }
+3sinxt+c

I= %J'(Z sinx cosx)? dx

1—cos4
:>I=1J'sin22xdx=1 ﬂdx
4 4 2

= 1 j(l —cos4x)dx = 1 {x _ Sll’l4x}+c
8 3 n

(iii) LetI= fsin 4x cos 3x dx. Then,

= 1J‘Zsinélx cos 3x dx = 1.[(sin7x +sinx)dx
2 2

1{ cos 7x }

=—q— —cosxy+c

2

10. Letlzjd—x_
5cosx —12sinx

Put5=rsina,12=7rcos a
5¢cos x -12sin x = r sin o cos x - ¥ cOs o Sin x
=rsin (o - x) = - rsin (x - )

Where r=+v5%+12% =13, a.=tan™! (%)

Nowl = ——[— &
137 sin(x — o)

= _i‘[cosec (x—o) dx
13
1
= —Elogkosec (x—0)—cot (x—a)+c,

where, o= tan™! (—

12
. 1
11. () Letl=| 5 dx. Then,
16— 9x
1, 1 1 1
[==[——dx==[————
LS TeSa e
0 47
9 (3
L
:>I:1><Lxlog3—+C:llogﬂ+C
9 2(§ 4 24 °l4-3x
3 3

)



Integrals

(if) LetI—f\/_
Put V1-e?® =t=1-e* =#> = — > . 2dx =2t dt
tdt t
:>dx=_82x=t2_1dt
. I —
jt t2 J.
= Lo —t_1+c—11 - -1 ¢
o1 BT T2 /1—82x+1
12. (i) \/1 xxl—x :_[ 1-x dx
1+ x 1+x 1-x 1—x2
1 X
=j dx—_[ dx=1, -1,
\/1—x2 \/1—x2
1 1 .1
where Ilzj dx:J dx=sin"" x+C;
\/1—x2 \/12—x2
and 12—j
V1-x2
(Putl—x2=t:>—2xdx=dt:>xdx=—%dt)
1/2
= 1Jdt —1 t_ C2=—Vl—x2 +C2

E

‘[,/ dx—sm x+V1-2? +C, where C = C, + G,

(if) D1V1d1ng the numerator and denominator by cos’,
we get

I=

sec X

sin x+b2cos X ‘[ 4% tan? x+b2

(Put tan x = t = sec® x dx = dt)
Tl T o 2
a‘t*+b° a t2+(9)
a
= 11 tan ! (L)+ C= ltarf1 (ﬂtanx)+C.
a2 b/a b/a ab b

Z_j Zax/2e (/47 (/AR 12
1 1

T2 (xr1/4)

SEyr

11 log |x+1/4-3/4|
272(3/4) Blx+1/4+3/4]
x—l/Z‘ Czllog 2x -1
x+1 3 2(x+1)

==

1
_ 14
308

14, Letl=[—2dx.

V9 +8x —x?
1
J-(x* —8x-9) -

1
:}I: dx
j\/-(x2 —8x+16-25)

=1=] 1 dx=| 1 dx

J-{(x-4)? -5
=sin" (%)+ C.

15. Letl= | e dx

\/sin x—2sinx—3

=1=]

Putsinx =t = cos x dx = dt

dt
I=
j\/1‘2—22‘

dt
Soref—2

J(E-1)2 =22
= I=log|(t-1)+(t-1)2-22|+c
= I=log|t—1+N# —2¢-3|+c

= I= lOg|(sinx—1)+\/sinzx—2sinx—3|+c

:J’ dt
3 NA-2+1-1-3

2x+3
16. Letl= [——>—dx

2x% +3x—1
Let2x +3 = A[di(zx2+3x—1)]+3 =A(4x+3)+B
X

= 2x+3=4Ax+ (3A +B)
Comparing the coefficient of x and constant on both
sides, we get4A =2and 3A+B =3

—~ A=Land 3(1)+B=3:>B=§
2 2 2

= 2x+3=l(4x+3)+%
1(4x+3)+§

I=[2 5 2 iy
2x°+3x -1

IJ 4x+3 dx+§f 1 dx
2x° +3x—1 2

1 3
L+ 2]
271272



4

I, is of the type f%dx =log|f(x)| +c

= Il=10g|2x2+3x—1|+cl
_1 1
L= |——
J2 2 43x— 1 j 43,1
27 2
IJ‘ 1 A
(x +3x+2)—2—l
2 16/ 16 2
:lj 21 S dx
2 ( +;) (V17
4 4
3 17
—lx ! lo 4T +c
2N A v
4 4
_ 1 4x+3—Jﬁ|+C
17 8|4 va+vi7| 2
1o Lo+ 301 + 2 log| 3" V17|
= - +3x-1| + +
= = log| 2 Sx-1]+ 5 i o8 s VI | T
wherec=c; + ¢,
17. We have, 3x+2 = 3x+2
2 —6x% +11x—6 (x—1)(x—2)(x-3)
3x+2 A B C

et = + + .
(x-1)(x-2)(x-3) x-1 x-2 x-3

= 3x+2=Ax-2)(x-3)+B(x-1) (x-3)+C(x-1)

(x-2) (i)
Puttingx-1=0o0r, x =1in (i), we get5=A(1-2) (1-3)
= A= E

2

Putting x - 2 =0 or, x = 2 in (i), we obtain
8=B(2-1)(2-3)

=B=-8

Putting x - 3 =0 or, x =3 in (i), we obtain

11=C(3—1)(3—2)zC:E
. 3x+2 _ 3x+2
" X% —6x?+11x-6  (x—1)(x—2)(x-3)
__ 5 8 . 11
2(x-1) x-2 2(x-3)
18. We have, 32 * 2;
x’ =1 (x=1)(x" +x+1)
So, let 2; = A + fx+C . Then,
(x=1)(x"+x+1) (x—1) (x"+x+1)
=A@*+x+1)+(Bx+C) (x-1) (i)

Putting x - 1 =0 or, x =1 in (i), we get
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2:3A:>A:2
3
Putting x = 0 in (i), we get
A-C=0 :>C=A=§

Putting x = - 1 in (i), we get

—2=A+2B-2C
=>—2=Z+2B—é=>B=—2
3 3 3
2x 2 1 +—(2/3)x+(2/3)
-1 3 x-1 x> +x+1
2x 2 1 2 (-x+1)
= = ==. += =
x*=1 3 x-1 3 x“+x+1
19. Let I= jLwdx and let cos x = y. Then,
cosx(1+cosx)
l-cosx  1-y
cosx(1+cosx) - y(1+y)
1-
Let y A, B ()
y(+y) v 1l+y
= 1-y=A(l+y)+By ...(ii)
Putting y = 0 in (ii), we get A =1.
Putting y = - 1 in (ii), we get B = -
Substituting the values of A and B in (i), we get
1-y _l_ 2
yd+y) vy 1l+y
1—cosx _ 12 [+ y = cosx]
cosx(l+cosx) cosx 1+cosx
. I:_f ! dx—J' 2 dx
cosx 1+cosx
2 2
= I =|secx dx — | —————dx = |secx dx — |sec”(x/2) dx
j J‘2c052(x/2) J j */2)

= I=log |secx +tan x|

20. Letx*= y. Then,
2

-2tan (x/2)+ C

x B y .

(P +1)(x2+4) (y+1)(y+4) -0

vy ___ A B (i)
(y+1)(y+4) y+1 y+4

= y=AWy+4)+By+1)
Putting y = - 1 and y = - 4 successively in (ii), we get

A=- 1 and B= é
3 3
Substituting the values of A and B in (ii), we get
y __ 1 N 4
(y+D(y+4)  3y+1) 3(y+4)
Replacing y by x%, we obtain




Integrals
X2 B 1 4

(x2 +1)(x2 +4) 3(2+1) 3(2+4)

_j(x +1)(x% +4) _I{ 3(x% +1)
3t

:>I=—1’cam’1x+é><ltanfl (£)+C
3 3 2 2

4 dx
3(x2 + 4)}
dx

x2 +1 3'x% +4

=— ltan_1 X+ gtan_1 (E) +C
3 3 2

21. Let I=[log(1+x?)dx

5 .Zx)x dx

I={log(1+x?).1dx =xlog(1+x%)— (
Ilg( )1 g(1+x?) J1+x

=I=xlo 1+x -2
8l J‘x +1

2Jx +1-1

=xlog(x? +1) dx

241
= I=xlog(x* +1)- 2[(1— 1 )dx
x2+1

=xlog(x? +1)-2(x —tan™ x) +C

= I=x10g(x2+1)—2x+2tan_1x+C

22. Let I= Jx3 ex dx. Then,

I=x%" —j3x26xdx xle —SJxZexdx
i

=I=x ex—S{ x—'[2xex dx}

=x3¢* —3{x e —ZJJIceZH dx}

= I=x%" -3{x%e" - 2(xe" — ")} +C
= [=x¢ -3 +6xe - 6e +C=(x’ - 3> +6x-6)e" +C
sinx

23. Let Izjx_—dx
—COSX

J~ X —sinx g
2sin? x/2

= 1_[xcoseczidx—_[—2smx/2zcosx/2 dx

2 2 2sin“ x/2

1 X
==[; — | cot=dx (1

S 1= ot ()
Where [ = Jx cosec? X dx

2
= x_[ cosec? X dx + 2J1 -cotX dx
2 2
=-2x cot£+2jcot£dx+C
2 2

From (i), we have

5
I=1|:—2xcot£+2J‘cot£dx:|—jcot£dx+c
:_xcot£+J.C0t£dx—J.C0t£dx+C
2 2 2
=—xcot%+C
24. Letl= j et
x+1)
:J'Mexdx
(x+1)°
= J.ex |:(x :1)2 + (x(;21))3 :| dx
=Iex{(x:1)2+%((x:1)zﬂdx
e* N ) )
=(x+1)2+C [ J.e (fe)+ f(x)dx=e f(x)+C]
25. Letl= j 1 |ax
logx  (logx)

Putu=logx= x=¢" = dx=¢"du

- 1:[[%—%}%
4&[%%6)}@

u

“Sac [ e £ s ]
_ Elogx C- X iC
log x log x

26. LetI:.[cosx 4 +sin? x dx

Putsinx =t = cos x dx =dt

. Izj\/ﬁdt
2 2 2
B2 2l
=@+210g|smx+M|+c-

27. Letl= _[sirf1 \/; dx
Put Vx=t=x=t> = dx=2tdt
" I=[sin”"t-2tdt=2[tsin" t dt

[sm ~——_[—~—dt}

42
1p-(1-t )+1dt}
1-12



6

2
=2 t—sin‘1t+1j\/1—t2dt—lj L
2 2 20 -
2 2
=2 t—sin_lt+l tl—t+lsin_lt —lsin_lt+C1
2 2
t1-#2

2 2 2
71t+—+Esin71t—sin71t+C

2
1 -t

2
=%((2x—1)sin_lx/;+\/;\/1—x)+c.

28. jv1+2x—3x2dx:«/§_[ %+§x—x2dx
=x/§f\/1—(x2 —gx+1)+1dx
3 3 9/ 9

S ERE

1 | R G RS G

:ﬁ—(Sx—l) 1+2x—x2-1-2\/§sir1_1(3x_1)+c
2 3 \3'3 9 2
3x—1 3x—1

- %,/nzx—&cz +¥ sin™1 (xT)+c.

J5 dt _[1og(1+3t)]5
3143t 3 5

= t?sin

_@2-1 .

inlt+ +C

%(log 16 —log10)
1 E_llo 8
38103 85
2
30. ==
14x ‘[
12 4

dx
1 2
-(3)
2 2
x-1/2]
x+1/2|],

R
~2|21/2) 8

~2[io Zx—l]z_l[lo L
2L 8laxr1l), T 20785 %83
=llog2

jo e“dy=[x? e ]é - J;erxdx

=(le' -0)-2 -[0 xetdx=e— 2([xex I —j;l.exdx)

—2(1461—O)+2];exdx:e—23+2[ex](1)
=—e+20e' -e)=-e+20e-1)=e-2.
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32. jf\/Z —x%dx = _[(;/5\/(\/5)2 —x%dx

V2
X > 2 . 1 x
=[=V2-x"+— —
[2 * 25m \/5]

=[0+sin" 1 -0 -sin™! 0]

0

T
33, LetI—‘([x_h/;dx
Put x = £~ Then, dx = 2t dt.
Whenx=0,#=0=t=0.Whenx=4=t=4= t=2
2 2tdt
=z Pt JOt+1
= I=2[log(t+1)]0 =2[log3-log1]=2log3

n cos6 10
0 (1+sin0)(2+sin6)

34. LetI=

Putsin0=t = cos 0d0=dt
When 0=0,t=sin0 =0

When 0 = E,t = sinE =1
2 2

_.[1 dt _J-l(l_l)dt
Sda+sne+y Jol1+t 244

(Using partial fraction)

1
= I =[log(1+#)~log(2+1)],
=log2-1log3 - (log1-log?2)
=2log2-log3= logg
1/V2 sintx
(1-2)2 *

Put sin’1x=60r,x=sin 0. Then dx = cos 0 d0
When, x=0=sin0=0=0=0

35. Let I=[

:>sin6=L:>6=

1 r
V2 V2 4

Cosede Jo/ 0 sec’ 0 do
CO! 11

7t/41 X tan 0 do

and when x =

I J-T[/4

=[6 tan 9]”4

=[6 ’cane]"/4 +[log|cos 0| ]"/4

:(Z—O)+{log(\/_) logl}:Z——Iog2
36. Let Iz_[g/Z{Vtanx+Vcotx}dx.
o I J-n/z{ /smx /cosx}d a n/z smx+cosxdx
cosx sinx smx CcoSXx
\/—Jn/z sinx + cosx

/2 sinx cosx

dx



Integrals

sinx + cosx
dx

:>I:x/§_[n/2

0 \/1 — (sinx — cosx)?

Letsinx - cos x =t = (cos x + sin x)dx = dt
When, x=0 = t=sin0-cos 0= -

and when x=£:>t=sin£—cos£=1
2 2 2

dt 411
= =2[sin?! t]_1
V1-#2

= I=~/2{sin™'1-sin(-1)}
=2 {2sin (1)} =242 (g) =2n

a1=N2 ]

37. Givenf(x)= |x| + |x+2| + |x+5]|
or flx)=|x+5| + |x+2]| + |x]
When-5<x<-2,x+5>0,x+2<0,x<0

= |x+5|=x+45|x+2|=-(x+2), |x| =-x
= flx)=@x+5)-(x+2)-x=-x+3

and when -2<x<0,x+5>0,x+2>0,x<0

= |x+5|=x+5 |x+2|=x+2, |x|=-x
= flx)=@x+5)+(x+2)-x=x+7.

A0 fodx= [ fx)dx+ [ f(x)dx

2 -2 2 0
= f__:(—x +3)dx + ji)z(x +7)dx = |:— % + 3x:|5 +[% + 7x]2

=—1(4—25)+3(—2+5)+%(0—4)+7(0+2)
=£+9 2+14_63_311.
2 2 2

38. First note that the given function is discontinuous at
x=1.

2 feode =1 fxydx + [ f(x)dx
( ! fedx = [ fxyn+ [ f(x)dx)
= 1 @x+T)dx+ [7(x - 5)dx

2
2 1 X
=[x +x]3; +|—-5x
2 1

1

9 3
:(1+1)_(1_1)+(2_10)_(E_5 .

=2-0-8+4—-=-—
2 2

39. Let f(x) = x° sin’x = f(-x) = (-x)° sin* (-x) = - x” sin*x

= -f(x)

= f(x) is on odd function.
" J'n/4 xPsin*x dx =0
—-n/4
(I e =0, if f=x) - —f(x))

(1)

n Xxtanx J.n X sinx
0 1+smx

Then, by using property J.(;l f(x)dx = Jg f(a—x)dx ,we get

n (T —x) sin(mw— x) _Jn
0 1+sin(n—x) 0
On adding (1) and (2 ) we get

(r=x)sinx o)

1+sinx

(x+m— xsmx n sinx
o = (TR A)SINA
'[O 1+sinx IO 1+smx
n 1 )
=T 1- dx
IO( 1+sinx
dx

My [
1+cos(g—x)

dx
=nlx]§ - nf;
2cos? E—E)
2
n x\|
Tem 2T X 2 T tar‘(Z'E)
:n[n—O]—Ejosec (Z—E)dx:n -5 _—1
2 0

=n? +n[tan(—g)—tang]: n? +n(-1-1)=n(r-2)
:I:n(g—l).

41. Letl= .[On xf (sin x)dx ..(i)

= [" (- x) f(sin(r - x))dx ( jo Fx)dx = j(;’ fla- x)dx)

0
= I= j; (m - x) f (sin x)dx ...(ii)
On adding (i) and (ii), we get

2] = J.; wf (sin x)dx

I= gj.; f(sinx)dx
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