CHAPTER

Application of Integrals 8

SOLUTIONS

& NCERT rocus

1. Since the given parabola y* = x is symmetrical about
(+ve) X-axis.

4 BT
=3jx1/2dx=3[ } = 2[4%/2 —23/21= 218 - 24/2]
> 3/2),

= (16 — 44/2)sq. units
3. The given parabola is x* = 4y
It is symmetrical about (+ve) Y-axis.

4
Required area = Area (ABCDA) = J. ydx X
1

[By taking vertical strip]

4
= _[\/; dx 4
1 Required area = Area (ABCDA) = jxdy
2

[ yz =x=>y= +/x, but the region lies in I* quadrant [By taking horizontal strip]

so, i is +ve] 4
A Y 4 , = _[2\/; dy
=Jx1/2dx=[—:| = 2[43/2 1] . 2
1 3/2) 3 [+x*=4y=>x=1% 2\/?, but the region ABCDA lies in I**
quadrant, so x is +ve]

= %[8— 1] = % sq. units

4 327}
o[ /20 _o| Y _43/2 532
2. The given parabola is > = 9x. It is symmetrical = 2.[ y 'ty = 2[ 3 /2:| - 5[4 -277]
about (+ve) X-axis. 2 2

x Cy2=9x =§[8—2\/§]=¥5q.unit5

2 2

4. The given ellipse is T
16 9

Since, given curve is symmetrical about both axes.

Y’

4
Required area = Area (ABCDA) = Jy dx
2

[By taking vertical strip]

4
= _[3\/; dx \
2 - Required area = 4 x Area (OABO) = 4_[ydx
[y = 9x = y = #3/x, but the region ABCDA lies in I** 0

quadrant, so y is +ve] [By taking vertical strip]




2
=4[ =16 - x%dx
0
2 2 2 2
X ¥y _ Yy 1.
[ 6 9 17% 16
:>y=%\/16—x2 (~.-y>0)]
4
_3|:x 16-x*> 16 _15}
2 4]y

16 . _
3|:0 +?sm 1(1) -0 —O:| = 3[8(%)} =121 sq.units

2 2
5. The given ellipse is xz + y? =1

Since, given curve is symmetrical about both axes.
Area of ellipse = 4 x area (OABO)

A
B(0, 3)

3
Required area = 4 x area (OABO) = 4J.x dy
0
[By taking horizontal strip]

3
=4 §\/9—y2dy
0
2 .2 2 2
[ L AR N A
4 9 4 9

- 3
_4x2|Y 9-y? +2sin‘11]
3L2 2 3

i _(%(0) + gsin*1(1)) -(0- 0)]

_4)(2_2(5)]_4)(3_75_6 it
= 31212 = 5 = T Sq. units

(1)
)

6. The given equations are x = /3y

and ¥*+i2=4

From (1), we get y = %

2 2
2, By
3 3

Putting y = Nl in (2), we get x

=
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x2=3=>x=i\/§

When,x:i\/g:>y:i1

Thus Bis (+/3, 1).

2 V3 2 2
1 |:x :| [x 4-x 4 . _1x}
—|=| +|—/————+=sinT" =

(.- Required region lies in first quadrant)

2 2 215

= %[3 -0]+ |:{O +2 sinfl(l)} - {@ +2sin7} ?H

7.

V3 ) 3 L 2« .
R, ) Biady PR LRI, } Rad =T —— = —sq.units
2 2 2 3 3 3
The given circle is ey =a (1)

a
and the line x = —-
J2

Put x =

{12

2

a
=2 J ydx
a
V2
[By taking vertical strip]

Required area = 2 x Area (CBAC)
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Points of intersection of y = x and (1) are O(0, 0) and

a
=2 [ Ja® - x*dx A1, 1).
a Points of intersection of y = -x and (1) are O(0, 0) and
2 A'(-1,1).
[ x2 + y =a®= y= a* —x? ©y>0)]
=2 @ s + —Zsm_1 (E):l
2 2 alla 2

=2 2 2
a 2 [/ | 1
— ——+-—sin | =
[2\/5 2 2 (2)J
x4 o 2o
S Tl2 2 242 V2 2 4

2 2 4 4 2 2

8.  The given equations are x = y* and x = 4. Also, y* = x
is a parabola symmetrical about (+ve) X-axis.

m? a®  ma® naz 2 a*(n .
=— 5—1 sq. units

Area (OABO) = 2 (Area of shaded region)
4 3/2 7t
= 2j&dx _o| X A2 g
3/2], 3
32
= —[8 0]= —sq units

a
and area(OCDO) = 2]\/;(19(
0

3/2 a 4
=2 3/2), 3[5’3/2 0] = 5{13/2 sq.units
According to question,
area (OABO) =2 area (OCDO)

[.- Area (OCDO) = Area (CABDC)]

. l(%)zéﬂwz: 432 _16
2\3 )73 3 3

=4= a=@)"?
9.  The given parabola is x* = y ..(1)
It is symmetrical about the (+ve) Y-axis.

-x, if x<0
y=lx|=
x, if x=20
= | x| represents two straight lines.
y=xandy=-x ..(2)

= a/?

Required area = 2 (Shaded area in first quadrant)
=2 area (OAO)

- 2[ixdx—}x2 d’“Jz 2[[%: _ED

0

A3 ) () S

10. The given curve is x* = 4y (1)
It is symmetrical about the (+ve) Y-axis.
The given line is x =4y - 2 (2

Solving (1) and (2), we get (4y - 2)* = 4y
= 167 -16y+4=4y = 16y°-20y +4=0
= 4f-5y+1=0 = (4y-1)(y-1)=0

= y:%,l

1
Wheny— thenx—4(z)—2=1—2=—1
Wheny=1,thenx=4(1)~2=4~2=2

Points of intersection of (1) and (2) are A(—l, 1) and
4
B(2,1).

Y
x2 =4y 4 &y
sod
D
"
4
X< -1,0) O M(2, 0) >
v
v’
2x+2 2x2
Required area = Area (OABO) = f dx — J de
-1 -1
r 2 2
1| x? ] 1[3(3]
=—|—=—+2x| —-—|—
4l 2 . 4l3 ]y
1[ 1 1
=—|2+4)-|z-2||-—=[8-(-1
Hero-(3-2)|-Sis-cu
1, 3] 1 15 3 15-6 9 .
=—|6+—-|-—=[9]=—-- =—— = —sq.units
41 2] 12 8 4 8 8




4
11. The given curve is y* = 4x ..(1)
which is symmetrical about (+ve) X-axis
and the given lineis x =3 (2
/Y N
A2 =4
/ x=3
X'« 0 \ C > X
B
\ v
v’
Required area = Shaded area (OABO)
= Area (OACO) + Area (OCBO)
= 2(area OCAO) ['. area (OACO) = area (OCBO)]
/2 3 g
—2jzf1a— [3/2] gwwz—m=8J§squmm
12. (A): The given curve is x* + y* = 4 ..(1)
which is symmetrical about both axes and the given lines
x=0&x=2. (2

2
Required area = Area (OABO) = Jy dx

=m+2sm4an-w-01=2g:nsqumm
13. (B) : The given curve is 1 = 4x ..(1)
which is symmetrical about (+ve) x-axis and the given
liney =3 (2
Y
A
_ Bl ¥=3 A =4
X’ < ) > X
v
v’
3
Required area = Area (OABO) = fx dy
0

3 2 /2 3
Jy_ :_|: :| =l[27—0]=z=25q.units
14 ) 12 12 4
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NCERT MISCELLANEOUS EXERCISE

1. (i) Required area is the shaded region, as shown in

the graph. Y
S
Required area = J.y dx
frac[5]
1 X’ S x=2 X
= § - 1 = Z sq. units -
3 3 3°F M

(if) Required area is the shaded
region, as shown in the graph.

5 5
". Requiredarea = I ydx = Jx4 dx
1

<
5
[x5] 5 1
= — r— v
54 5 5 Y’
5L 3BT 1A = 624.8 sq. units
5 5 5

2.  The required area is the area included between the
curves
y=x (1)
andy =x -(2)
Solving (1) & (2), we get P=x=>x"-x=0
= x(x-1)=0=x=0,1
When x =0, then y =0 and when x =1, theny = 1.

The two curves meet each other at two points
0(0, 0) and A(1, 1).

Required area = area of (AOAB) - area (OCABO)

1 1
= .[xdx—_[xz dx

) ) 0 0
2 3
5L GGl
1 1
=573" —sq.unit
3. The given parabola is y = 4x* = x? = %y (1)
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4
Required area = area (ABCDA) = _[x dy
1
[Taking horizontal strip]

[From (1)]

= i%\/y But region ABCDA lies in

1% quadrant. ... x is (+ve)]

N
N\w‘

3|:43/2 13/2]_%[8_1]=§sq.units

4. Wehave, y= |x+3|

Definey = | x + 3| 2{_(xx++33),

] x+3,

“l-x-3,
Hence there are two straight lines,
ie, y=x+3andy=-x-3

if x+320
if x+3<0

if x>-3
if x<-3

(-6, 0) (-3,0)

0
Required area = J I x+31dx
-6

-3 0 2 S oo 0
= [ (=x=3)d de=|_2 _ r
_J( x 3>x+_J<x+3>x [ : 3x]_6+[2+3xL

(3o foeo-2-)
-(2-0)+[0+2) -ssq.umis

5. The given curve is y = sinx ..(1)
x O|n/2|n|3rn/2|2n
y=sinx (0| 1 |0 -1 [ O

and -1<y=sinx<1

<
A
T ]
N a4
aAAw
N
B
v
>

v
v’

Graph between x =0 and x = n; x = w and x = 2n
has equal area above the X-axis and below the X-axis
respectively.

2n

Required area = J sin x dx

0

T
= 2area (OABO) = 2J. sin x dx
0

= 2[-cos x]g = 2[-cos+ cos0] =2 [1 + 1] =4 sq. units
6. The given parabola is y* = 4ax ..(1)
and the line is y = mx (2
Solving (1) & (2), we get
m** = dax = x (m*x -4a) =0 = x:0,4—‘;
m

When x =0, then y = 0 and when x = ﬂ, then y = da

m? m

Thus the line and parabola intersects at O(0, 0) and

A( 41; ’4a).
m m

Y
A
2y =mx
{ 2 = 4qax
i
x'«—9 : >

o

v

v

Required area = area (OCABO) - area (OABO)

da/m? 3 da/m? 2 da/m?
= _[ (V4ax —mx)dx _ZI —m| —

el

_4 o8 sa? 34’ s’
3 m> o 3w owd
(32 ) a®  8a°
= 8| —3=73%9 units
3 m® 3m3
7.  The given parabolais y = 29(2 (1)
and the lineis 3x -2y +12=0 (2



6
Solving (1) & (2), we get
3x—2(%x2)+12 =0= 3x—%x2 +12=0

= 6x-3x"+24=0=x"-2x-8=0
= (x-4)@x+2)=0=>x=4,-2.
Putting these values of x in (1), we get
3 42 3, 2
=—(4)"=12 and y=—(-2)" =
=5 y=3(2)

Hence, the line and parabola intersects at the points
A(-2,3) and B(4, 12).

Y
A
9
SAB4, 12)
s
Q)//
v _,4y=3x2
A(-2,3)
XL >
D O c X
v
Y’

Required area = area (ABCDA)
- [area (ADOA) + area (OBCO)]
jl» (3x + 12)

0 4
[I Exzdx + jéxzdx]
-2 —24 04
4 3 0 3 4
=_[3L+12} ) E[x_} +§[x_]
20 2 o 4L 31, 4L 3 [y

s [{ord)-35)

1

= 5[72 +18]-[2 +16] = 45— 18 = 27 sq.units

x2 ]/2
8. The given ellipse is 9 + vy 1 (1)
and the line is §+ % =1 (2

By solving (1) and (2), we get the intersecting points
A(3,0) & B(0, 2).

Required area = area (OACBO) - area (OABO)

I
O — W
wIN

_2[2.2_9+2]:2[9_n_2]:3_n_3_3
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27 27
= —J 32 —xzdx——J(S—x)dx
30 30

2

3
= 2[2\/9—362 +2sin_lf—3x+x—:|

312 2 3 2 1

= %Hm% (sin”! 1)-9+%}—0]

> (T —2)sq.units

3L2 2 2] 3L4 21 2
xZ ]/2
9. The givenellipseis — + oz =1 (1)
a
and the lineis ~ + % =1 (2
a

By solving (1) and (2), we get the line and ellipse intersect
at (0, b) & (a, 0)

Required area is the shaded region, as shown in the
figure.

Required area = area (OACBO) - area (OABO)
a
=J.E\/a2—x2dx Jb(a—x)dx
0 0
blx 77 . & " b 21"
o a2—x2+a—sin_1£:| ——[ax—x—]
12 2 aly a 2 1o
[ 2 2
_b (0+a—sin1(1))—(0+0):| —QKE —”—)—(0—0)}
al 2 a 2
[ 2 2
=E ”_(E)]_E[ﬂ_] n_ab_u_b ab(n—Z)sq.units
al 2\2 al 2 4 2 4
10. The given parabola is =y (1)
and the lineisy =x + 2 (2
Solving (1) and (2), we get KP=x+2
= ¥-x-2=0=>(x-2)(x+1)=0=>x=2,-1

When x =2, then y = (2)*= 4 and

when x = -1, theny = -1)*=1.

Thus (1) and (2) intersect at A(2, 4) and B(-1, 1).
Y

y=x+2
A(2,4)
B(-1,1 oy
X" X
0
v’
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2 2
Required area = J (x+2)dx — f x2dx
-1 -1

R RHE O e

(6 + é) -3= gsq.units
2 2

11. Wehave |x |+ |y | =1

= x+ty=lx-y=1,-x+y=1-x-y=1

These are shown as in the following figure :

Required area = 4 (area AOAB)

1 2 1
= 4J.(1—x)dx = 4[x—x?]
0 0

= 4[(1 —%)— (O—O):| = 4(%) = 255q.units

12. The graph of X’ = y is a parabola with vertex (0, 0)
and axis as positive Y-axis.

The graph of y = | x| is the union of lines y = x, x> 0 and
y=-x,x<0.

Solving, ¥* = y and i = x, we get the points of intersection
as O (0, 0) and A(1, 1).

Solving, x* =y and y = -x, we get the points of intersection
as O(0, 0) and B(-1, 1).

Area shaded on the left side of Y-axis is same as area
shaded on the right side.

1 1
Required area = 2 Area (OAO) = le‘x dx — [ x? dx}

0 0

13. (D) : Required area is the shaded region, as shown
in the graph.

0 1
Required area = .[ x3 dx +Jx3 dx
-2 0

0 1
=]
. +_
4 1, 4 Jp
‘( 16)‘ (1 ) 16 1 17 .
0—— |+ [=-0|=—+~=—s5q.units
4 4 4 4 4
14. (C):The givencurveisy =x |x]|.
When x > 0, the curve isy=x2
When x <0, the curveisy = x>,

Required area =

1
+_|.x2 dx
0

0
J' —x? dx
-1
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