Differential Equations 9

«\ TRY YOURSELF

1. (i) The given differential equation is
2

3
%y dy)4 3
7 =7 =0
x(dXZJ +y(dx +X
d7y

Here, highest order derivative is d_2 whose power is 3.
x

So, its order is 2 and degree is 3.

(ii) The given differential equation is (3x + 5y)dy - 4x%dx =0

= (3x+5y)%—4x2=0
X

Here, highest order derivative is j—y, whose power is 1.
x
So, its order is 1 and degree is 1.
2. The given differential equation is
3 2 52
£l
dx |\ dx dx ) dx?

2
Here, highest order derivative is d_g, whose power is 1
dx

So, its order is 2 and degree is 1.

Required sum =2 +1=3.

A
3. Given, y=—— +A)=A
iven, y "y = y(x+A) (@)
Differentiating (i) w.r.t. x, we get
y1++ Ay, =0

= x+A=-L o A=—2a-L,
n n

Substituting the values of x + A and A in (i), we get

-y Y
Yl—=|=x-=
(yl) W1

= y=xnty

Hence, y= = is a solution of the given differential
equation.

4.  Given, x* = 2 logy (i)

Differentiating (i) w.r.t. x, we get

1 dy dy
2x=2[y? =+logy -2y |-L = x = (y + 2ylogy) -
x (y y ogy dex=>x (v yogy)dx

SOLUTIONS

CHAPTER

) 2
= x=(y+x_]d_y (From (i)/zylogy=x_J
y Jdx y

= xy= (y +x) :>(x +y) —xy=0.
Hence, x* = 2y* log  is a solution of the given differential

equation.

5. Given,y=¢" cos”x (1)
Differentiating w.r.t. x, we get

dy meos L x ( 1 ] m . :
L= m.| - =— 'y [Using (i)]
dx V1-22 V1-x2

2
= V1- y —-my = (1- xZ)(Zy) —mzyZ.
x

leferentlatmg w.r.t. x, we get

(1-2) 222, ZZ (d) (20=n 2y(),
dy

Dividing both sides by Zd—, we get
x

2
(1—x2)d—y—xd—y—m2y=0.

dx? " dx
Hence, y = " ' is a solution of given differential
equation.
6. We have, y = cosx
2

d d
= _y=_sjnx = —:g=—COSX

dx dx

2
= d_g =—y= d_g +y =0, which is given differential
dx
equation.
y = cosx is a solution of given differential equation.

Also, whenx=0,y=cos0=1 ~y0)=1
and whenx =0, Z—y =-sin0=0 .. ¥'(0)=0
x

Hence, y = cosx is a solution of given initial value
problem.

7. Wehave, y=xe" +¢" .. ()
= d—y:xex +ef(1)+e”
x
= xe* + 2¢* .. (ii)
dz]/ X, X x
= —S=xe +e (1)+2e
2 M



=xe" +3e" = 2(xe" +2¢") - (xe* +¢") = 2Z_y —y
x

(Using (i) and (ii))
y -2—= dy +y =0, which is given differential
a2 Cdx
equation.
y =xe" + e" is a solution of given differential
equation.

Also,whenx=0,y=0€0+eo=O+1=1
when x =0, y’=0e0+2e0=0+2(1)=2

~y0)=1
y(0)=2

Hence, y = x¢* + ¢ is a solution of given initial value
problem.

8. Wehave, dy _ log(x +1)
dx

= dy =log(x+1)dx

Integrating both sides, we get
de = Jlog(x +1)dx+C

dx+C

x
= y=x~log(x+1)—_[erl

dx+C

=x10g(x+1)—_[1—x11

=xlog(x+1)-x+log(x+1)+C
=(x+1log(x+1)-x+C

9.  Given cosec’x dy - cosec y dx = 0, it can be written as

d]é = .dx =siny dy = sin® x dx
sinx SIny
= sinydy= 3smx—sm3xdx

4
(- sin3x = 3 sin x - 4 sin’x)
On integrating both sides, we get

cos3x )+C1
3

= 12 cosy =9 cosx - cos3x + C, where C is an arbitrary
constant.

—cosy = i(—Bcosx +

10. Given, (x +1) d—y 2xy

= ldy— dx = — dy 2(1— 1 )dx
y x+1

x+1
Integrating both sides, we get
log |y| =2(x-log|x+1]) +c
log |y| +2log|x+1| =2x+c
log|y(x +1)%| =2x+c¢
(e 17| = e
y(x +1)% =¥ = Ae*™, where A = ¢° (i)
Given that y(2) =3ie. whenx=2,y=3
= 3-2+1)P2=Ac'=>A=27¢"
Substituting this value of Ain (i), we get
y(x+ 1) =276 ¢ = y(x + 1) =27¢2-2) which is
the required partlcular solution.

=
=
=
=
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dy 2
11. Given differential equation is A 2_xy
dx  x“+1

= 4y = ;2x dx [On separating the variables]
Yy x“+1
= J— = [Integrating both sides]
y
= logy = -log(x* +1) +log C

= logy + log(x* + 1) =log C
= log{y(¥*+1)}=logC = y(x*+1)=C (i)
Since, the curve passes through (1, 2).

y=2,whenx=1

From (i),21+1)=C =C= 4

Putting the value of C in (i), we get y(x* + 1) = 4
This is the required equation of the curve.

12. Givencos (x + y)dy =dx = 4y -t ..(i)

dx cos(x+y)

dy _do_ dy _do

Putx + = 1+—= -1
uxTy=o dx dx dx dx
Substituting these values in (i), we get
dv 1= 1 dv 1 1
dx Ccosv dx Ccosv
o gpo_cosv .
1+cosv
On integrating both sides, we get
= [=== dv+C=j(1— ! )dv+C
1+cosv 1+ cosv
=v— tan2 +C
2
= x:x+y—tanx;y +C
= tanx;y=y+C -..(i1)
Given that y(0) = 0i.e.,, whenx=0,y=0

= tan0=0+C=0=C
Substituting this value of C in (ii), we get

X+
y =tan

J , which is the required particular solution.

13. Given, Ay _ 1+ ()
dx
Putx-y=v=1- d—y:d_v:ﬂ:1_@_
dx dx dx dx
Substituting these values in (i), we get
1_@=1+e” :—ﬂze” = —¢ Ydo =dnx.
dx dx

On integrating both sides, we get
e’=x+C=¢'"=x+ C where Cis an arbitrary constant.
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14. Given differential equation is

2e*Y (1_x]
x/y
ﬂ__ 1+2e or dx z_—}/ (1)

B ety (1_"J dy 1+2¢7Y
Y
Put, x = vy. Then, @ = U+y@
dy dy
v —
From (i), v+ y@ = _M
d 1+26°
dv _ —2¢"+2ve”  -2¢"-v
Y dy 1+2e° 1+2¢°
On integrating, we get
(%
Jﬂ do = _jd_y
v+2e y

= log|v+2e’|=-log|y|+logC

00| =
y

C
= |U+2€U|=ﬁ:>

y Iyl

= f+2ex/y:i£:£,wherek:ic
Y y vy

= x+2yeV =k

15. The given differential equation is (y* - x*)dy = 3xydx

- dy _ 3xy (1)
dx }/2 _ xZ
This is a homogeneous differential equation.
Puty =ovx
Then, a_ v+Xx o
dx dx

Now, differential equation (i) becomes
dv_ 3x(vx) _ 3v

VHxX—= =
dx  v*x?—-x% ov*-1
do 3v 4v—0°
= X = ——U=—3
dx v -1 v- -1
2_
o -1 dvzd—x
(4-o%) x

On integrating, we get
J ’(J -1 _ J' dx
v(2-0)(2+ v)

3
= j[ 40 82 v 82+v:|d _j—+c

[Resolving into partial fractions]

= —ilog|v|—%log|2—v|—%log|2+v|=log|x|+C

= 2log|v| +3(log |2-v| +log |2+v|)=-8log|x| -

3

= log]| v*@4- | = -8log | x| +logk, where - 8C =log k

= log]| v (4-02)%|= log(xig)

= 7)2(4—02)3 :i% 18

X
2 2
. y_(4_y_J _a

= 1A(4¥* - y?)’ = a, where a is an arbitrary constant
This is the required solution of the given differential
equation.

16. Given, (¥’ + y°)dy - x*ydx = 0

y
2 N
ay _ __x (i)

dx 3 +y (z)
X

Since, equation (i) is of the form

s wherea==+k

d—y:f(z),it is a
dx x
homogeneous differential equation.

dy dv
Puty=vx=—=v+x—.
uty =ox I % xdx

Substituting the values of y and ;i_y in (i), we get
x

do v dv v o
v+x—= 7= X U=
dx 1+v dx 1+v 1+v
3
1+o dv:—@:(% 1)dv_—§
v vt v x

-3
On integrating , we get U—3 +log|v|=—log|x|+C

C+L

= 1og|vx|=C+L3:>|vx|=e 30°
3v

11
Cp30® — Ap30° c

= vuvx=ze e , where A=+e¢

¥ / 3y3 . .
= y=Ae , where A is an arbitrary constant, A # 0

2 2,.2 2
17. We have, dy__ vy __y/x _ W/ ()
dx  xy-x* (wy-x%)/x% y/x-1
It is a homogeneous differential equation.
dy dv
=px = —=v-1+x—
Puty =ovx Ix =v-l+x Ix
Equation (i) becomes
d v? dv v? v
V+X—= X— -V =
dx v-1 dx v-1 v-1
:>0_1dv—ﬂ (1—1)dv:d
v x v x



4

Integrating both sides, we get
v-log |v| =log |x| +C

= v=loguvx+C
= Z= log|y|+C
x
= y=x(log |y| + C) is the required solution.
d
18. Given, d—z +2xy =2x° (i)

It is a linear differential equation in y.

LE.= ejzx”lx = e"2

Therefore, solution of (i) is given by
2 2
y-e* :J2x3ex dx+C

:J‘tetdt+C:t~et—J1xetdt+C=tet—et+C
(put x* = t = 2xdx = df)
2
=(t-1e'+C=@"-1)e" +C

2

= y= x’-1+Ce™, where Cis an arbitrary constant.

x-1

d
19. Given &Y ( )ex, which is a linear

dx x
differential equation in y.

X

[ dx ~logx _ Jogx! 11 .
LF.=¢” ¥ =¢ %%=¢%" =x"' == (assuming x > 0)
x

Solution is given by

1 ¢(x-1),1 1, 1,
=22 et S dx+C= [=efdx - [efdx+C
]/ x J( x )e x X Jxe X sze X

(Integrating the first integral by parts, taking S as the
x

first function)
= 1ex + j(%)exdx 2 J.izexdx +C= 1e" +C
X X X X

= y=¢"+ Cx, where Cis an arbitrary constant.
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20. Given, y e’ dx = (i + 2xe")dy

= yeyd—x:y3+2xey :@—Ew:y%_y
dy d

vy
It is a linear differential equation in x.
| —gdy 2 1 1
IF.=e Y =g 2losll_plosll™ — 2o — - =

lyP v
Therefore, general solution is given by

xvizz.[yze_y-izdy+C=.[e_ydy+C
y y

Given thatx =0 wheny =1
0=-¢l+C=>C=¢"!
The required particular solution of the given equation is

x 1. 4 -
—=-¢’+e Liex=y*(et=eY)
y
d
21. Weknow thatslope of a curve ata point P(x, y) = &
- . dx

According to question,

d—y=y+2x:>d—y—y=2x

dx dx ()

This is a linear differential equation of the form

d
d—z+Py=Q,whereP=—1,Q=2x

Now, LF.= A L
The solution of (i) is given by
ye ¥ = J'erfxdx
=2[(~xe ) - J’—e_xdx] +C=-2xe ¥ -2¢"+C

= y=-2x-2+C¢
= y+2x+2=C¢", which is the required equation of
curve.
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